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THE attention of Teachers is requested to the follow- 
ing points, in which the Author has endeavored to 
make this book a useful one : 

Clearness. The great aim throughout has been to make 
everything as plain as the nature of the subject would 
permit. Every principle has been explained, and unne- 
cessary verbiage avoided. 

A very Gradual Advance. Complex subjects have been 
subdivided as far as possible into their elements, so that 
the learner may have to take biU one step at a time, 

A Practical Character. There is a continual review and 
repetition of whatever has been learned. Much more 
attention than usual has been given to Fractions, as a 
thorough drill on tljem is believed to be essential to a 
full comprehension of Algebraic operations, and a ready 
facility in performing them. The examples are very 
numerous, and are all original, so that this book may 
be used in connection with others, without fear of any 
other than accidental repetition. 

An Analytical Method. This is essentially the same 
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as that which has been so successful in Mental Arith- 
metic. Synthetic arrangement has been subordinated 
to convenience of teaching. 

Accuracy of Language. Such expressions as Add the 
equations together, where the meaning is Add their corre- 
sponding members, have been carefully avoided. Hun« 
dreds of these errors have crept into some of the best 
books. The learner thus insensibly acquires a careless 
and incorrect use of language, which often clouds his 
apprehension of principles otherwise clear. 

In conclusion, an effort has* been made to specially 
adapt the work to those teachers who are not satisfied 
with anything less than an ability on the part of their 
pupils to fully explain every operation which they per- 
form. To such the book is commended, in the hope that 
it will satisfy a need which the Author has himself fre- 
quently felt. 
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SECTION I. 
The Fundamental Signs. 

The sign of Addition is + . It is called plus. Thus, 4 + 6 
is read four plus six; and it shows that four and six are to 
be added. 

The sign of Subtraction is — . It is called minus. Thus, 

7 — 2 is read seven minus two ; and it shows that 2 is to be 
subtracted from 7. 

The sign of Multiplication is X . Thus, 5x4 means 5 
multiplied by 4. 

The sign of Division is -^. Thus, 15-5-3 means 15 divided 
by 3. A fraction also indicates division. Thus, y means 
15 divided by 3. 

The sign of Equality is =. Thus 4 + 7 = 8 + 3 is read 
four plus seven is equal to eight plus three. The expression 
that two things are equal is an equation. Thus, 4 + 7 = 

8 + 3 is an equation. So is 16 — 2 = 3 + 1 + 10. 

-v Other signs will be explained when there is occasion to use them. 

9 



10 ELEMENTARY ALOEBBA. 

SECTION II. 

Illustrations of the Nature of Algebra. 

The Mathematics are the sciences which treat of number- 
ing and measuring. For example, Arithmetic explains how 
to calculate by means of numbers, and Oeometry shows how 
to measure things, at first by placing them side by side, and 
afterward in many other ways. 

Algebra is that branch of mathematics in which numbers 
are represented by letters. 

The different ways in which numbers are represented by 
letters, and the use of doing so, cannot be fully explained 
until a great deal of progress is made in the study of algebra ; 
but some preliminary ideas of the science may be obtained 
by considering the following questions : 

Problem 1. I wish to divide 21 marbles between Henry 
and Charles, so as to give Henry twice as many as Charles. 
How many must I give to each ? 

Solution. I wish to give to Charles a certain number, 
and to Henry twice that number. Hence, I must give to 
both of them three tim^ that number. Then, since both 
together are to have 21, 1 know that three times that number 
are 21. Therefore, once that number is ^ of 21, which is 7. 
Hence the number which Charles is to receive is 7; and 
twice that number is 14, which Henry is to receive. 

If I had used the letter n, instead of the words a certain 
number, the work would have been somewhat shortened. 
Thus : 

Second Solution. Let the number that I wish to give 
to Charles be called n ; and to Henry 2 n. Then, since both 
together are to have 21, 1 know that 3n = 21. Therefore 
once n =s 7, which is Charles's share ; and 2 n = 14, which 
is Henry's share. 

It will be observed that at the beginning of the solution 
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the number of marbles to be given to Charles is not known. 
In the first solution it was called a certain number; in the 
second, it was called n. Now for more than two hundred years 
mathematicians have been in the habit of using the last 
letters of the alphabet, x, y, 2, u, etc., to stand for numbers 
that are not known. If we adopt their practice, the solution 
just given may be changed to the following : 

Third Solution. Let x represent the number of mar- 
bles for Charles. 

Then 2 x represents the number for Henry. 

Hence, 3 a; =» 21. 

Dividing by 3, a? = 7. 

Whence, 2« = 14. 

Therefore Charles is to receive 7 marbles, and Henry 14. 

Problem 2. What number added to itself will make 16 ? 
Solution. Let x represent the number. 

Then, « + « = 16. 

Collecting, 2 a; = 16. 

Dividing by 2, a; = 8. 

Therefore 8 is the number which when added to itself will 
make 16. ^ 

Problem 3. In a flock of 72 sheep, there are seven 
times as many white ones as black ones. How many are 
there of each kind ? 

Solution. Let x stand for the number of black sheep. 
Then 7 x stands for the number of white ones. 

Hence, a? + 7 a; = 72. 

Collecting, ' 8 a? = 72. 

Dividing by 8, a? = 9. 

Whence, 7 a; = 63. 

Therefore there are 9 black sheep, and 63 white ones. 
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Problem 4. William had three times as much money 
as James, and the difference between William's money and 
James's was 20 cents. How much had each ? 

Solution. Let x stand for James's money. 
Then 3 x stands for William's. 

Hence, 3aj — a? =s 20. 

Collecting, 2« = 20. 

Dividmg by 2, « = 10. 

Whence, 3« = 30. 

Therefore James had 10 cents, and William 30. 

Problem 5. It is required to divide $600 among three 
soldiers, so that one, who is a lieutenant, may have twice as 
much as another, who is a corporal, and the third, who is a 
captain, may have as much as the corporal and the lieuten- 
ant together. 

Solution. Let x represent the corporal's share. 
Then 2 x represents the lieutenant's share. 
And 3 X represents the captain's share. 

Hence, « + 2 a? + 3a; = 600. 

Collecting, ^x^ 600. 

Dividing by 6, a: = 100. 

Whence, 2 a; =200. 

And, 3 a; =300. 

Therefore the corporal should receive $100 ; the lieutenant, 

$200 ; and the captain, $300. 

,/ 

Li the preceding solutions, one of the quantities to he 
found has always been represented by x. The problems are 
such that when one of the unknown quantities is found, the 
others can be very easily obtained by multiplication, or 
some other simple operation. Such problems can always be 
solved by using a single letter, and the equations obtained 
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from them are called equations containing bid one unknown 
quantUy. 

There are some questions which cannot be easily solved without 
using two or more letters. They will be explained in a subsequent 
part of this book. 

In the fifth problem, there are three things to be found, 
and we might have represented any one of them by x. 
Thus: 

Second Solution of Problem 5. 
Let X represent the lieutenant's share. 
Then } x represents the corporal's share. 
And l^x represents the captain's share. 

Hence, x+hx + l\x^ 600. 

Collecting, 3a? = 600. 

Dividing by 3, x = 200. 

Whence, } a? = 100. 

;And, IJa; = 300. 

Therefore the lieutenant should receive $200 ; the corpo- 
ral, $100 5 and the captain, $300. 

Third Solution of Problem 6. 
Let X represent the captain's share. 
Then J x represents the corporal's share. 
And t X represents the lieutenant's share. 

Hence, a + ia? + f a; = 600. 

Collecting, 2aj == 600. 

Dividing by 2, a? = 300. 

Whence, J a: = 100. 

And, la? =200. 

These solutions are not quite as easy as the fii*st, because 
they contain fractions. In equations of this kind, it is gen- 
erally best to represent the smallest of the unknown quan- 
tities by X, By doing so, fractions will be avoided. 
2 
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SECTION III. 

Problems to be solved by Equations containing 
but One Unkno>A^n Quantity. 

1. John and George have each the same number of 
apples, and both together have 36. How many has each? 
Ans. 18. 

2. If 6 a? = 30, what is x equal to ? Ans. ar = 5. 

3. Ann has a certain number of books, and Jane has four 
times as many. They together have 25 books. How many 
has each ? Ana. Ann has 5, and Jane has 20. 

4. In a brigade of 2233 soldiers there were 10 times as 
many private soldiers as officers. How many private sol- 
diers were there ? Ans. 2030 private soldiers. 

5. A and B together are worth $2432, and A is worth 7 
times as much as B. How much is B worth ? Ans. $304. 

6. What number added to itself amounts to 38 ? Ans. 19. 

7. William and Robert caught 81 fish, and Robert caught 
8 times as many as William. JIow many did Robert catch ? 
Ans. 72 fish. 

8. What number added to 5 times itself will amount to 72 ? 
Ans. 12. 

9. A farmer bought a horse and carriage for $420, and 
the carriage cost 3 times as much as the horse. What was 
the cost of each ? Ans. The horse cost $105 ; and the car- 
riage, $315. 

10. At a county election, there were two candidates for 
sheriff. One received 3 times as many votes as the other, 
and his majority was 220. How many votes had each, and 
how many were polled in all? Ans. One received 330 
votes; and the other, 110; in all, 440. 

11. If a: + 3a? -f 5 aj = 63, what is the value of a?? Ans. 7. 

12. Thomas travels a certain distance one day, and twice 
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as far the next ; in all 42 miles. How far does he travel 
each day ? A7i%, 14 miles the first day, and 28 miles the 
second. ^ 

13. In a store-room containing 45 casks, there are 4 times 
as many full as empty. How many are full ? -4ws. 36. 

14. The angles of a triangle always amount to 180 de- 
grees. If one angle of a triangle is twice a second, and the 
third is 3 times the second, how many degrees are in each ? 
Am. 60°, 30°, and 90°. 

Note. Let x s=s the number of degrees in the second angle: then 
2 z == the number of degrees in the first, and 8 x in the third. 

15. If 2 angles of a triangle are equal 'and the remaining 
angle is twice their sum, how many degrees are in each? 
Am. 30°, 30°, and 120°. 

16. If one angle of a triangle is 3 times a second, and the 
third is twice the first, how many degrees are in each? Am, 
54°, 18°, and 108°. 

17. The angles of a quadrilateral, or four-sided figure, 
always amount to 360°. If they are equal, how many de- 
grees are in each ? Ans. 90°. 

18. If one angle of a quadrilateral is twice a second, the 
third twice the first, and the fourth equal to the third and 
second together, how many degrees are in each ? An^. 60°, 
30°, 120°, and 150°. 

19. Two men start from the same point and travel in op- 
posite directions. The first travels 3 times as fast as the 
second. How far has each travelled when they are 48 miles 
apart? Am, The first has travelled 36 miles; the second, 
12 miles. 

20. Mary is 14 years older than Jane, and her age is 8 
times Jane's. How old is each? Am. Mary is 16 years 
old, and Jane is 2 years old. 

Note. Let x = Jane's age : then 8 a; = Mary's. We have, by the 
conditions of the question, 8x — a; = 14. .^ 
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SECTION IV. 
Definitions. 



A monomial is any algebraic expression which stands by 
itself, and is not composed of parts united by the sign + or 
— . Thus, a: is a monomial ; — 3 a? is a monomial ; 14 a is 
a monomial. 

A polynomial is any algebraic expression which is com- 
posed of parts united by the sign + or — . Thus, a + 6 is 
a polynomial; 2x — Sy is a polynomial; a — 36 + 2n 
— c is a polynomial. 

The parts of a polynomial are called terms. A monomial 
consists of a single term. 

A polynomial of two terms is called a binomiaL One of 
three terms is called a trinomial. Thus, 2 a — 3 6 is a bi- 
nomial ; — 3a; + a + 4nisa trinomial. 

A positive term is one having the sign + before it. A 
negative term is one having the sign — before it. In the 
polynomial x + 2a — 3a: — o — a, the first term is posi- 
tive, because the sign + is understood before it ; the second 
term is also ppsitive ; the other three terms are negative. 

Sometimes a dot is used between letters as a sign of mul- 
tiplication. Thus, a . 5 is the same as a x 6. Multiplica- 
tion is also frequently denoted by writing two letters together. 
Thus, ah is also the same as a X &. The same is the case 
with a figure and a letter. Thus, 3 x is the same as 3 X a?. 
The figure before the letter is called a coefficient. Thus, in 
the term 7 n, the coefficient of n is 7. 

It must always be remembered that in algebra, letters 
stand for numbers. The expression ah means that the 
number which a represents is to be multiplied by the num- 
ber which h represents. Sometimes a stands for one num- 
ber, and sometimes for another. 

When a number is multiplied by itself one or more times, 



ELEMENTARY ALGEBRA. 17 

the product is called a power. The second power of 5 is 25, 
because 5 x 5 = 25. The third power of 5 is 125, because 
5x5x5 = 125. The third power of a: is xxx. The 
fourth power of a is aaoa. The second power is often called 
the square, and the third power the cube. 

Instead of writing aaaa, we generally write a*. The 
number 4 is used to show how many times a is taken as a 
factor. Such a number, written to the right of the upper 
part of any letter, is called an index or exponent The 
i^oYfQT hhhhhh is generally written J*, where 6 is the exponent 
We do not often write 1 as an exponent. Thus x^ is just 
the same as x. It is often said that the exponent of a letter 
written without any, is 1 understood. Thus, the exponent 
. of X, or a, or c, is understood to be 1. 

A root is the quantity which is multiplied by itself one or 
more times to form a power. Thus x is the root of the 
powers x^, x', x*, etc. It is the second root of x^, the third 
root of x^, the fourth root of a?*, etc. The second root is 
often called the square root, and the third root the cube root 
The square root of 64 is 8, because 8 X 8 = 64. The cube 
root of n^ is n, because nnn = w'. 

The j^adieal sign, >/, shows that some root of the quantity 
placed under it is to be taken. To denote the square root, 
it is used alone. To denote any other root, a small figure 
is placed over it. Thus, \/9 means the square root of 9, 
which is 3 ; and v^8 means the cube root of 8, which is 2. 

When several terms are to be considered together, they 
are placed within a parenthesis, or a vinculum is placed 
over them. Thus, (5 + 2 + 7) X 9, or 5+'2T7 X 9, 
shows that the sum of 5, 2, and 7 is to be multiplied by 9. 
If the expression were 5+2 + 7x9, the 7 alone should 
be multiplied by 9 before adding it to the sum of 5 and 2. 

Operations of multiplication and division must be performed 
before those of addition and subtraction, unless parentheses in- 
dicate otherwise. 

/ 
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EXAMPLES. 




the value of each of the following express! 


1. (8 + 3) X 2. 


Ana. 22. 


2. 8 + 3 X 2. 


Ana. 14. 


3. (8 — 3) X 2. 


Ans. 10. 


4. 8 — 3 X 2. 


Am. 2. 


5. (5 + 4) X 3. 


Am. 27. 


6. (5 + 3) X 9. 


Am. 72. 


7. (8 + 6 + 3) X 2. 


Am. 34. 


8. (8 + 3 — 5) X 4. 


Am. 2i. 


9. (10 + 8 — 2) X 7. 


Am. 112. 


10. 10 + 8 — 2 X 7. 


Am. 4. 


11. (8 — 3 + 4) X 3. 


Am. 27. 


12. 8 — 3 + 4 X 3. 
^13, (6 — 2 + 3) X 4 


Am. 17. 


Am. 28. 


14. 6 — 2 + 3 X 4. 


Am. 16. 


15. 8 X (5 — 2). 


^»w. 24. 


16. 8 X 5 — 2. 


Am. 38. 


17. 9 X (7 — 4). 


Am. 27. 


18. 9 X 7 — 4. 


Am. 59. 


19. 5 X (8 + 3 — 7). 


Am. 20. 


20. 5 X 8 + 3 — 7. 


Am. 36. 


IT 7 X (9 + 2). 


Am. 77. 


22. 7 X 9 + 2. 


Am. 65. 


23. 2 X (7 — 3 + 8). 


^n». 24. 


24. 2 X 7 — 3 + 8. 


Am. 19. 


25. 9 X 4 + 2 + 3. 


Am. 41. 


26. 9 X (4 + 2 + 3). 


Am. 81. 


27. (4 + 3) X (8 — 5). 


Am. 21. 


28. (4 + 3) X 8 — 5. 


^n*. 51. 


29. 4 + 3 X (8 — 5). 


Am. 13. 


30. 4 + 3 X 8 — 6. 


^n«. 23. 


31. (2 + 3) X 4, 


4»M. 20. 


32. (2 + 3) X (4 + 3). 


Ana. 35. 
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33. (6 — 5) X 4 


Ans.4. 


34. 6 X (5 — 4). 


Ana. 6. 


35. 6 X 4 — 5. 


Am. 19. 


36. (6 + 4) -r 5. 


Am. 2. 


^.6 + 4^6. 


Am. 6f . 


38. (2 + 3 — 4 + 5) X 6. 


Am. 36. 


39. (2 + 3 — 4) ^ 5 + 5. 


Am. 5|. 


40. (2 + 3 — 4) -r (5 + 6). 


Am. t'tj. 


41. 2 + 3 — 4 ^ 5 + 5. 


Am. 9J. 


42. 2 + 3 + 4 -r (5 + 4). 


Ana. 6|. 


43. 2 + 3 — 4 + 5 X 6. 


Am. 31. 


44. 2 + 3 X (— 4 + 5) .^ 5. 


Am. 2f . 


45. 5 — 2 + n X 3 — 2. 


Am. 34. 


46. 5 — 2 + 11 X (3 — 2). 


Am. 14. 


47. (5 — 2) X- 11 + 3 — 2. 


Am. Si. 


48. 7 + 19 — 3 X 4 — 3. 


Am. 11. 


49. 7 + (19 — 3) X 4 — 3. 


Am. 68. 


50. 7 + (19 — 3) X (4 — 3). 


Am. 23. 



QUESTIONS ON THE FOREGOING DEFINITIONS. 

Why is — « + ^ — ^^ * polynomial ? What kind of a polynomial 
is it ? What kind of a polynomial is a -j- ^ ' 

Is ab a polynomial or a monomial ? Why ? Is 127 a^i'y* a poly- 
nomial or a monomial ? Why ? 

How many terms are in the polynomial mn* — 7 abc^ + a? — S2 yz 
+ t^ ? Which terms are positive, and which are negative ? Name 
all the coefficients, and all the indices. (Some are 1 understood.) 

Write c-{-e-]-e-\-C'-{-cinB. shorter way. ^ 

Write eccccce in a shorter way. 

In the power y*, what is the index of y ? 

In the monomial 11 aex^, what is the coefficient of acz^? What is 
the index of a? {Ana. 1 understood.) What is the index of e? of z? 
Is z^ a power? What is its fourth root? 

In the monomial a:*y', what is the coefficient of xM ? What is the 
exponent of x? of y t 

What is \/a:2 equal to ? What is x/x^ equal to ? What is v/16 ? 

What is V27? V y 

What is the fifth power of 2 ? of 1 ? 
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SECTION V. 

Addition. 

In algebra, we may add terms together by writing them down 
one after another with their proper signs. Thus, if we wish 
to add X to t/, we may write the sum either x + y or y + x. 
It does not matter which is placed first. The sign + is un- 
derstood before x or y when no sign is expressed. To 
add a: to — y, we write either x — yor — y + x. Addition 
in algebra Jncludes more than addition in arithmetic, since 
we may find the sum of both positive and negative terms. 

Similar terms are those which do not difier otherwise than 
in their coefficients. Thus 3a is similar to 6a: the co- 
efficients, 3 and 6, are different ; but the rest of the terms is 
the same. So, 4 b, 6 b, b, 4 b, and 12 b, are similar ; but 3 a 
and 6 b are dissimilar, as the letters differ. Again, x^y and 
2 oc^^ are similar ; but x'^i/ and 2 xi/^ are dissimilar. Since 
either xy or i/x means the product of x and y, they are not 
different, and are consequently similar. So 3 ab is similar 
to 145a. 

Similar terms may be added into a single term. Thus 
the sum of 3 a and 4 a is 7 a. To add similar terms, perform 
Khe operations of addition and subtraction on their coefficients. 

Problem 1. Add 6 apples, 7 apples, and 16 apples. 
Problem 2. Add 6 dozen, 7 dozen, and 16 dozen. 
Problem 3. Add 6 a, 7 a, and 16 a. 



1. 6 apples, 

7 apples, 

16 apples, 


operations. 
2. 6 dozen, 
7 dozen, 
16 dozen. 


3.^ 6a, 

7 a, 

16 a, 


28 apples. 


28 dozen. 


28 a. 
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Problem 4. John has 6 cents in his pocket, 9 cents at 
home in a drawer, and his brother owes him 7 cents. What 
is his financial condition ? 
OPERATION. Explanation. The sign + is understood 

6 cents, before every term in this operation and the 
9 cents, three preceding ones. The sign + is often 

7 cents, used before terms which express how much 

a person has, or how much is due to him. 

22 cents. The result shows that John is worth 22 cents. 

Problem 5. William has no money, and he owes a 
grocer 8 cents, a pieman 4 cents, his sister 3 cents, and a 
playmate 10 cents. What is his financial condition? 

OPERATION. 



— 8 cents, 

— 4 cents, 

— 3 cents, 

— 10 cents, 

— 25 cents. 



Explanation. The sign — is often 
used before terms which express how 
much a person owes. William owes 26 
cents, and has no money to pay it with. 



Problem 6. A boy has 16 cents, and owes 9 cents. 
What is his financial condition ? 

operation. Explanation. If he pay his debt, he 

16 cents, will have left the difference between 16 

— 9 cents, and 9 cents. His true financial condition 
is the possession of 7 cents, clear. 

7 cents. 

Problem 7. A boy has 11 cents, and owes 17 cents. 
What is his financial condition ? 

operation. Explanation. He owes more than he 

11 cents, possesses. If he pay as much as he can 

— 17 cents, of his debt, it will be diminished by all 
he possesses, but he will remain 6 cents 

— 6 cents. in debt, without anything to pay it with. 
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Problem 8. George has 63 cents in his money-box, 10 
cents in his pocket, and William owes him 10 cents. He 
owes his brother John 7 cents, and a confectioner 14 cents. 
What is his financial condition ? 



OPERATION. 

63 cents, 

10 cents, 

10 cents, 

— 7 cents, ' 

— 14 cents, 

62 cents. 



Explanation. The positive terms 
amount to 83 cents, and the negative 
ones to 21 cents. Their difference is 62 
cents, which Greorge is really worth. 



Problem 9. James has 6 cents in his pocket, 18 cents 
at home, and another boy owes him 10 cents. He owes 12 
cents to a schoolmate, 14 cents to a stationer for a copy- 
book, and 11 cents to an apple-woman. What is his finan- 
cial condition? 



operation. 

6 cents, 

18 cents, 

10 cents, 

— 12 cents, 

— 14 cents, 

— 11 cents, 

— 3 cents. 



Explanation. The positive terms 
amount to 34 cents, and the negative 
ones to 37 cents. Their difference is 3 
cents; and as the negative sum is the 
'greater, James owes 3 cents more than 
he has money to pay his debts with. 



Problem 10. Add — a, — 7a, — a, — 3a, — 7a, — 8a, 
and — 2 a. 

Problem 11. Add 3 a, — 7a, 4a, 6 a, 9a, — 2a, — 11 a, 
and 4 a. 

Problem 12. Add 8a, — 4a, — 14a, 3a, — 5a, 6a, 
— 4 a, and — 6 a. 



( 
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OPERATIONS. 






1. — a. 


11. 


3 a, 


12. 


8 a, 


-7a, 




-7a, 




- 4a, 


— a, 




4 a, 




— 14 a, 


-3a, 




6 a, 




3«, 


-7a, 




9 a, 




— 6 a, 


-8a, 




- 2a, 




6 a, 


-2a, 




-11a, 




- 4a, 


— 90/7 




4 a, 




— 6a, 



6 a. — 16 a. 

Thus we see that in addition it is convenient to vnrite 
similar terms in a single column, find the sum of the positive 
teirms, then of the negative terms, take the difference of these 
sums, and prefix the sign of the greater sum. The operation 
of counting is performed on the coefficients only. 

The addition of similar terms is often called collecting 
them. 

Problem 13. Colleat 6 a — 2 i> + 5a — 36 + a — h. 

Problem 14. Collect a^x — sc^y + ax^ — Za^x + x^y 
— 4 ax^ + a^x, 

OPERATIONS. 

13. 6 a — 2 6, 14. a^x — x'y + aar', 

ha — 3 6, — 3 d^x + x'^y — 4 ax^, 

a — 6, a^x 



12a — 66. — a^x — 3aa;«. 

Problem 15. Add 7a — 36, 6 — 2a, —3a + 26, 
7h — a, and 2 6. 

Problem 16. Add 3n — m + 2, 2 + n, 3n — m — 2, 
m + 2, and — 4. 
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OPERATIONS. 

16. 7 a — 3 6, 16. 3 n — m + 2, 

_2a+ 6, n +2, 

— 3a + 2 6, 3n — m — 2, 

— a + 7 6, OT + 2, 

26, -4, 



a + 9 6. 7 n — m. 

^'^ EXAMPLES. 

1. Collect cf, o, a, a, €(, a, o, and a. Jrw. 8 a. 

2. Collect — ar, — x, — x, — a;, — x, — x, and — x. 

Am. — 7 a:. 

3. Collect a{x + y\ 2a{x + y), and 3 a (a: + y). 

^n*. 6 o (ar + y). 

4. Collect 5a?+3x + 2x+7x + ar. ^rw. 18 x. 

6. Collect — 3x — 4a: — 9.t — 3ar. Am, — 19 x. 
0. Collect 7y — 2 y — 5 y + 4;/. , ^wa. 4?/^. 

7. Collect 9y — 4y + 8y + 15^ — 13 y. Ans, 15y. 

8. Collect 15 z — 12 z + 13 z — 6 z — 3 z — 12 z. 

Am, — 4 z* 

9. Collect 9ar—x + 10a: — 8a; + 3a: — 4a;. 

Arts. 9ar. 

10. Collect — a: + 2 ar. ' Am. x. 

11. Collect a: — 2 a:. Am. — x. 

12. Collect 8x — 11a: + 13a: — 15a: + lOx. Arts. bx. 

13. Collect 5a — 7a+3a — 9a — 12a + a. 

Ana. — 19 a. 

14. Collect a — a + 2a — 2a + 9a — 16a. 

Ana. — 7 a. 

15. Collect 36 — 56 + 76 — 106 — 6 + 36. 

Ana. — 36. 

16. Collect — 6 — 26 — 3 6. Ana. — 6 6. 

17. Collect — 6 — 26 + 3 6. Ana. 0. 

18. Collect aa: + 9aa: — 7<xx + 3aa? — aa; + 5 jkr:* 
^ Ana. 10 ax. 
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19. Collect xy — %xy + Ixy. Ana. 0. 

20. Collect (x + a) + 19 (a: + a) — 13 (x + a). 

Ana, 7 (x + a). 

21. Collect a? — 13a + 19a — 13x + 19a: + a. 

Ans, 7 a: + 7 a. 

22. Collect a; — 15 6 + 7x — dx — 2b + b — 3x. 

Ans. —166. 

23. Collect y + llz —^3 y + 21z —15z + 4z — 5y. 

Ans, — lly + 21 z. 

24. Collect 5 6a: — 2 6*a: + 3 6*x — 2 hx. 

Ans. 3 6a? + V^x. 

25. Collect 18 at/ — 20-^ + 13a:« — bay — 11 xz., 

Ans. IS ay. 

26. Collect 13a» + 9a — 14a — 8a» + 6a + a». 

Ans. 6 a' + a. 

27. What is the sum of 6 a% bah, — 6 ah\ and 5 a'6' ? 

Ans. 6 a«6 + 6 a6 — 6 a6» + 5 a»6l 

28. What is the sum of 7 a^x^y, — 8 a^xy +13 a^x^y, and 
- — 3 Q^a^yt Ans. 17 a^x^y — 8 a^xy. 

29. Add X — y and x + y. Ans: 2 x. 

30. Add V and —y. Ans. 0. 

31. Add ax, a^x, ax^, aV, and ax. 

Ans. 2 aa: + a^x + ax^ + aW. 

32. Add 2 a to a\ Ans. 2a + a\ 

33. Add a6 and a6. Ans. 2 ah. 

34. Add a6c, — 3 a6c, 4 a6c, and — 3 acd. 

Ans. 2 ahc — 3 acd. 

35. Add a — 3y, 6a — by, and 7 a — 3 y. 

Ans. 14 a — 11 y. 

36. Add 10 a: + 3 y, 5 a: — 2i/, and 3 a: — 4t/. 

Ans. 18 a; — 3 y. 

37. Add 9 6c — 7 aj + 2, 8 6c — 3 a:, and 56c. 

Ans. 22 6c — 10 a: + z. 

38. Add 10 aij + z^ — ahx, — Z ay + 3 ^^ 7 ay + 
5 ahx, — 8 at/ — 2 z^ and 62^ — 4 a6a:. Ans. ^ay + 82;^ 

39. Add 7x and 7 y. Ans. 7 x + 7 y. 
8 



26 ELEMENTABY ALGEBBA. 

40. Add 5x + a, — 3x + b, and — 2x — a. Ana. 6. 

41. Add 13 6y + 6ac, — 11 6y + 5 oc, and — 2 6y — 
11 ac. Arts. 0. 

42. Add 21 oa? + 13 dbc — ahc + 2 ay, 13 ohc + 14 cw? 

— ax — 5 a?/, and 3 ay — 27 ah<i + 3 oo:. 

Am. 37 ax — 2 a6c. 

43. Add 3cd — 2c;c + c»ci — ccP + c'<^', 5 cd — c^ + 
Zc^ — c^d\1cd — 7(^6 + Zcd\ de'd — 2de + Sc^d", and 
21cd + S de, — 5c'd + 2cd^ — 11 c'dK 

Ans, 36 c(^ — 8 de + 7 c(P — 8 c^d". 

44. Add 13 aft + 2cd and 25a'6 + 3c(^. 

Ans. 13 aft + 25 a'b + dcd. 

45. Add aftx, ftca?, and ftar. Ans, abx + 2 bcx. 

46. Collect into one sum 3 bcx, — 2 ftcx, 3 ftca?, and — 
6ftcx. Ans. — bcx. 

47. Find the value of 3 xyz — 2 xijz + 5 xyz — 4 ot^z + 
xyz — xyz. Ans. 2 xyz. 

48. Add 18 a^xyz + 21 a' — 3 ?/, — 3 a" -f 23^ + 
19 a*xyz, — 3 a' + 24 y — 2 a*xyz, and 6a*xy;j — 3 a' — 
2y + 12 a*xyz. Ans. d2a*xyz + 12a' + 21 y. 

49. Find the value of 21 aVy, 3 a*xy^ — 13 w'x^y + 
2aVi/, 13 a*xy^ — 11 aVy + 3 w'x^y, 12 a*j:^» — 10 aVy, 
and 5 a^x^y. Ans. a^a^y + 28 a*xi/* — 4 aVy. 

50. Add 9 a'^ft'c* + 8 a'ftV — 7 a*ft'c», 21 a»ft*V — Sa^ftV, 

— 11 a'ftV + 2 a'ftV, 21 a*ftV, and 5 aVc* — 2 a'b'c*. 

Ans. — 7 a^b^c* + 34a»ftV + 14a*ftV. 

51. Add 9 (a + y), — 14 (a + z), and — 9 (a+y). 

^ Ans. — 14 (a +2). 

52. Add (Ui and ca. Am. 2 ac. 

53. What is the sum of 3 aft — 5 fta + 12 aft — ba. 

Ans. 9 aft. 

54. Add abx, 2 xab, and — bxa. Ans. 2 ahx. 

55. Add c^xy, — 9 c^yx, and — 4 xyc\ Ans. — 12 c^xy. 

Note. In the last four examplcsXtJie terms are similar in each 
example. The letters are the same, only differently arranged. 



/ 
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FURTHER ILLUSTRATIONS OF ADDITION. 

Problem 1. A mass of iron and wood is sunk in water. 
The iron weighs 16 lbs. under water; and the wood would 
buoy up 13 lbs. i What do^ the whole mass weigh while 
under water ? i 



OPERATION. 

16 lbs. 
— 13 lbs. 

3 lbs. 



Explanation. Consider weights posi- 
tive quantities. Then what buoys up or 
diminishes a weight must be a negative 
quantity. 



Problem 2. If the iron in the above problem had 
weighed 24 lbs. under water, and the wood had been able to 
buoy up 30 lbs., whaf would the whole mass have weighed 



under water ? 

OPERATION. 

24 lbs. 
— 30 lbs. 



— 6 lbs. 



Explanation. The result here shows 
that the mass would not have weighed any- 
thing under water, but would have been 
able to buoy up 6 lbs. 



Problem 3. A ship started at the equator and sailed 3 
degrees north, then 2 south, then 5 north, and then 9 south. 
In what latitude was it then ? 



OPERATION. 

3 degrees, 

— 2 degrees, 
6 degrees, 

— 9 degrees, 



Explanation. Consider north lati- 
tude positive. Then south latitude must 
be negative. The above course ^nds 3 
degrees south of the equator. 



' ' — 3 degrees. 

Problem 4. ^If an ant running up a tree ascends 4 feet, 
then falls back 2 feet, then ascends 9 feet, and then falls 
back 5 feet, what progress has it made ? Am, 6 feet. 

Let the pupil, explain it. 
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SECTION VL 

Problems to be solved by Equations containing 
but One Unknown Quantity. 

1. A FARMER had 5 times as many cows as horses, and 3 
times as many sheep as cows. The number of them all was 
105. How many of each kind had he? Ana, 6 horses, 25 
cows, and 75 sheep. 

2. From 64 times a certain number, if 36 times the num- 
ber be subtracted, 7 times the number added to the remain- 
der, and 12 times the number subtracted from the last 
result, the remainder is 46. What is the number ? Ans, 2. 

3. Four boys have in all 84 cents. The second has three 
times as much as the first ; the third has as many as the 
difference between what the first has and what the second 
Jjas ; and the fourth has as many as the difference between 
twice what the first has and what the second has. How 
much has each? Ana, The first has 12 cents; the second, 
36 cents ; the third, 24 cents ; and the fourth, 12 cents. 

4. Two men are 175 miles apart, and travel toward each 
other. One travels 15 miles a day, and the other 20. In 
how many days will they meet ? Arts, 5 days. 

Note. Let z stand for the number of days required. Then the 
first will go X times 15 miles, or 15 z, and the second will go x times 
20 miles. 

5. If 136 a; — 121^ = 150, what is the value of x? 
Ana. X = 10. 

6. In a certain house there are twice as many doors as 
there are rooms, and twice as many windows as there are 
doors. There are 21 more windows than rooms. How 
many doors are in the house ? Ana, 14 doors. 

7. There are 3 numbers, the second of which is four times 
the first, and the third is twice as much as the first and 
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second together. The difference between the second and 
third is 36. What are the numbers ? Am. 6, 24, and 60. 

8. Two men are 42 miles apart, and travel toward each 
other. One goes 3 miles an hour, and the other 4. In how 
many hours will they meet ? Ana, 6 hours. 

9. Given, x + 16 x — 3 a: = 42, to find the value of x. 
Ans, X = S. 

10. A bankrupt owed A 4 times as much as he owed B. 
He owed C 3 times as much as he owed A. He owed D the 
difference between his debts to C and B. The amount of 
his debts to all four was $28000. How much did he owe 
D? Ans. $11000./^ 

11. A man bought 3 horses and 4 cows for $600. Each 
horse cost twice as much as each cow. What did he give 
for each ? Ans. He gave $120 for each horse, and $60 for 
each cow. 

Note. Let x represent the price of a cow; 2x, of a horse; 4z, 
of all the cows ; and 6 z, of all the horses. 

12. James bought 16 apples at one time and 5 at another, 
all at the same rate. The first time he paid 33 cents more 
than the second. What was the price per apple ? Ans. 3 
cents. 

13. Seven men and three boys were hired for a week, 
each man receiving 3 times as much as each boy. Altogether 
their wages amounted to $72. What did each receive? 
Ans. Each boy received $3, and each man received $9. 

14. A farmer sold some corn, rye, and wheat ; receiving 
3 times as much a bushel for wheat as for corn, and twice 
as much for rye as for corn. There were 20- bushels of 
wheat, 16 bushels of rye, and 40 bushels of corn. He re- 
ceived in all $66. What was the price per bushel of each 
kind of grain? Ans. He received $1.50 a bushel for the 
wheat, $1.00 a bushel for the rye, and 50 cents a bughel for 
the corn. 

8* 
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Find the value of x in the following equations. 

15. 35a; + 17x — 32a? + 3a; — 16x =? 16 — 7 + 19. 

Ana, a; =s 4. 

16. x + 2a? — 307 + 4x + 5a? — 6x + 7x = 130. 

Ans. X = 13. 

17. a; + 2x + 3a?— 4a; + 5a?— 6a? = 7 + 8 + 12 
— 17. Ana, x — 10. 

18. a? — 7a? + 3x + 11a; = 7 + 35 + 62 — 24. 

Ans, a; == 10. ^ 

19. 26a? —14a? + 3a? —liar = 36 + 42 + 12 — 30 
+ 8. Ans, a? = 17. 

20. 38a? — 6a? + 26a; = 37 — 24 + 103. Ans. a? = 2. 



SECTION VIL 
Subtraction. 
Problem 1. Subtract 4 a; from 7 a;. 

OPERATION. 

7 a?, Explanation. It is evident that the dif- 

4 X, ference is 3 x. This is the same as if we had 
changed the sign of the quantity to be subtracted^ 

3 a?. making it — 4 a?, and then added it to 7 x. 

Problem 2. Subtract 5 x from 2 x, 
OPERATION. Explanation. It is evident that after 
2 Xy taking from 2 a? as much as we can of the 5 x, 

5 a?^ - -3 X will remain to be subtracted. That is what 

is meant by — 3 a;. This is the same as if we 

— 3 a?. had changed the sign of the quantity to be sub- 

traded, making it — 6 a;, and then added it 
to 2a?. 
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Problem 3. Subtract — 2x from 6 x. 
OPERATION. Explanation. It is evident that 6 a? is 
6 X, the same as 8 « — 2 a?. If we subtract or take 

— 2 a?, away the — 2 a?, the 8 a? remains. This is the 

same as if we had changed the sign of the quart- 

8 a?. tity to be subtracted, making it + 2 a?, and then 

added it to 6 x. 

Problem 4. Subtract — 3 a; from — 8 a;. 
OPERATION. Explanation. It is evident that — 8 a; 

— Sx, is the same as — 5 a? — 3 a;. If we subtract 

— 3 a;, or take away the — 3 a?, the — dx remains. 

This is the same as if we had changed the sign 

— 6 a?. of the quantity to be subtracted, making it + 3 a?, 

and then added it to — 8 a?. 

Problem 5. Subtract — 7 a? from — 2 a?. ^ 

operation. Explanation. It is evident that — 2 a? is 

— 2 a;, the same as 5 a? — 7 a?. If we subtract or take 

— 7 a;, away the — 7 a?, the 5 x remains. This is the 

same as if we had changed the sign of the sub- 

^ 6 a?. trahend, making it + 7 a;, 'and then added it to 

the minuend, — 2 a?. 

Problem 6. Subtract b from c. 
operation. 

c Explanation. It is evident that the re- 

ft, mainder is c — b. This is the same as if we 

had changed the sign of the subtrahend, making 

c — b, it — b, and then added it to the minuend, c. 

Adding anything with a + sign, and the same thing 
with a — sign, does not alter the value of a quantity. 
Thus : a is the same as a + a? — x. 

6 c is the same as5c + 36 — 36. 
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Problem 7. Subtract — b from c. ^ 
OPERATION. Explanation. It is evident that c is the 
c same as c + 6 — b, since + b and — b amount 

— by to nothing. Subtracting or taking away the 

— b, the remainder is c + b. This is the 

c + b, same as if we had changed the sign of the sub- 
trahend, making it + b, and then added it to 
the minuendy c. 

To subtract anything is to take it away. It cannot be 
taken away from anything unless it is there. But it can 
always be got there by adding it to the other with both a + 
sign and a — sign; for the two balance each other and 
amount to nothing, as + 6 — b in the example above. If 
then we take it away, the same thing with the opposite sign 
will be left added to the minuend. 

Thus we see that the operation of subtracting is just the 
same as changing the sign of the quantity to be subtracted 
and adding it to the minuend. Similar terms should be set 
down in the same column. It is best not to actually change 
the sign, but only to imagine it changed, and then set down 
the result of adding it to the minuend. 

Problem 8. Take 3a + 5c — 2d — 2y from la —y 
+ 2c — ld. 

Problem 9. Take 5 ax — 2y + e from Sax — 2y. 

Problem 10. Take 4 car + c'a?' from 5cx + c^x^ + 3 cx^. 

Problem 11. Take Sab + 7 a'b + x from 3 a*b — x. 

Problem 12. Subtract 9 o'6 — 3 ab^ from 5 a6» — 6 a^b\ 

Problem 13. Subtract 21 y — 4 from 3 y* — 2. 
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OPERATIONS. 

8. 7a— y+2c — 7d, 9. Saa — 2y 
3 a — 2y + be — 2cZ, box — 2y + c, 





4a 


+ 


y — 3 c — 5d. 


10. 


6cx 


+ 


cV + 3ex', 




4ex 


+ 


cV 



— 2 (w; — c. 

11. Sa'b— X, 

Sab + 7a^b + x, 

ex + Sex\ —Sab — 4a'6 — 2x. 

12. 5ab'—ea'b' 13. 31/* — 2 

— 3a6* +9a*6, — 4 + 2l3^, 

Sab' — 6a'b' — 9a'b. Sy^ + 2 — 21y. 

EXAMPLES. 

1. Subtract 8 x from 9 x. y^ ^n^. x. 

2. Subtract 16x + 3y from 19x + by. Ana. 3x + 2y. 

3. Subtract 18 z -J- 10 from 14 z —12. 'Am. _ 4 z — 2. 

4. Subtract 16 1/ — 15 from 17 3^ + 3. jItw. y + 18. 
6. Subtract a from a + x. J.w«. x. 

6. Subtract x — 10 from x. Ans. 10. 

7. Subtract x — 15 from 15. Ans, — 05 + 30. 

8. Subtract a + b + e from a — b — c. 

Ans. —2 6 — 2c. 

9. Subtract a — b — c from a + b + e. Ans. 2 6 + 2 c. 

10. Subtract — 105 from 21. Ans. 126. 

11. Subtract 35 from — 4. Ans. — 39. 

12. Subtract a from — b. Ans. — a — b. 

13. Subtract 6 from — 6. Ans. — 2 b. 

14. Subtract — b from b. Ans. 2 b. 

15. Subtract 7 x from — 2 x. Ans. — 9 x. 

16. Subtract — bx from 12 a:. Ans. 11 x. 

17. Subtract 10 from 5. • Ans. — 5. 

18. Subtract 17 from 6. Ans. — 11. 

19. Subtract 29 a from 14 a. Ans. — 15 a. 

20. Subtract 37 x from 27 x. Ans. — 10 x. 

21. Subtract — 15 from 5. Ans. 20, 

C 
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22. Subtract — 15 from — 5. Ans. 10. 

23. Subtract 15 from 5. Ans. — 10. 

24. Subtract 15 from — 5. Ana. — 20. 

25. Subtract jc + y from x + y. Arts. 0. 

26. Subtract 63 from — 63. Ana. — 126. 
VI. Subtract — 6 from 6. Ana. 12. 

28. Subtract 23 aVy from 6 aVt/. 

Ana. 5aVi/— 23aVy. 

29. Subtract 16 amn from 5 amn. Ana. — 11 amn. 

30. Subtract 144 o6cx from 26abx. 

Ana. 26 abx — 144 alcx. 

31. Subtract x from y. Ana. y — x. 

32. Subtract 12 a? — 3 from 13y — 4. 

Am. 13y — 12a?— 1. 

33. Subtract 6 z + 43 from Viz — 21. Ana. 6 z — 64 

34. Subtract 11 a — 2 o from 9 a — 5c. An>a. — 2a — 3c. 

35. Subtract 15 a? — 13 1/ — 2 z from 17 a? — 13y + z. 

^ Ana. 2x + Sz. 

36. Subtract 13 a — 2 6 + * from 23a + 11 6 — A. 

Ana. 10 a + 13 6 — A — ifc. 

37. Subtract — 15 a^x + 7 a^y — 15 from 21 a'^ — 13 a^y 

+ 2. Ana. 36 a^x — 20 aV + 17. 

38. Subtract 19a:2 + 3yz -^ ^ 14a? g' fro m 13a?z — 12yz + 15. 

/"^^nST^ 6 xz -^^-i^z + 14 xz^ + 15. 

39. Subtract 2 m'n — 5 ^n + 6 from 25 rn^n — 14 wn* + hn 
— 3. Ana. 23 mV — 14 mn^ + ehn-^9. 

40^ Subtract 13a +36 + 5c from 13 a — 3 6 + 5c — 1. 

Ana. —6 6—1. 

41. Subtract 129 a' + 12 a'x ^ay + ax from 189 a' — ^3^ 

a'x + ay — S. Ana.60a*—4Sa^x + 2ay—ax — S. 

42. Subtract 13 axy — 26 — 19 ca; — 5 from 17 axy — 13>6 

+ iicx — "^ ... Ana. 4axy — llb+ 31 ex + 3. 

43. Subtract c + x + y — 76 from 23m?i — 7 6 + c — x 
— y. Ana. 23 mn — 2 x — 2;/. 

44. Subtract 5a' — 9^5^ + 3pa? — z from 13 pg — 2px + 
o* — z. y Ana. 22pq — 5px — 4 al 



/ 
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45. Subtract a^ + lOcwj — 20a from 2003?^^ — lOoa? + a. 

Am. 19 ax^ — 20 aa: + 21 a. 

46. Subtract 217 amv ^^18 |f^^ti — 5 from 193 amv — 

ISw + 5w — 6. A|J^. — 24amt; + 8w — 1. 

47. Subtract 2 ar' — 16 j — X|rwr+ s^f from 15 x»2/» — 29 
m + 5. -irw. 14a7y — m+175 — 2aj*. 

48. Subtract 6 a« — 5 a + 21 from 2 al 

^^"^^^^^ -4^- — 4a* + 5a — 21. 

49. Subtract — hKk-\'Z¥ ^r^ %om ^hh— 21 



"^ " 4% -in5. 8 A* — 3** + 

50. Subtract9^*from— 13a» — 3a + 6. 

Am. —22 a' — 3 a + 6. 

51. Subtract 172 ar» + lOar't/ _ 3a?y' + ^ from 250 a;» — 
120a;'y + 5a?t/'^— 1/». 

Am. 78 ar» — 130a:»y + 8 a;y« — 2 1/*. 

52. Subtract 135c''rf + 6my —a^x from 170 c'c? — a'a? + 
5 my. J.7W. 35 c'd — my. 

53. Subtract 7 aa? — 10 iy from 13 oa? + 5 6y. 
• -4n«. 6aa? + 156y. 

54 Subtract — 5 a6 + a» — V from 26 ah. 

\ <^ Am. Blab— a" + h\ 

55. i^ubtract 7a6» — 5a;y + 3a'6 from 2a'6 — Saj't/ + 
3a6». -Itw. — a'6— 4ai"- 

56. Subtract ^ + y .aud — a; + y from x — y. 
^ . V ^rw. x — By. 

57. Subtjrac^tga —6, —7a + h, and 6a + 36 from 6a 
"^8J^ ^ ■ ' -4n«.v-3a — 6i. 

68. Su^!^ct«r -47 2/ + ;« and — x — y + z frofti^ — y — z. 

^ \^ ] ' J.n». a? — y — Bz. 

69-8ubtractTay — 3a? + ay from 9x — 3ay + 2a; — 6ay. 

f\ Am. 14 X — 16 ay. 

^ Subtract 8 aY — 6 ?:*y + 3 aV from 13 a:*y — 9 aV 

— 5a?*y. jt . Am. 14a*y— 20ay. 

/ ,\| Nc^EiB. Examples in Subtraction ma\(be proved by adding the 
^ubtranend to the remainder. The residt should be the same as the 
minuend. _ 
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SECTION VIII. 
Transposition. 

In the equations previously given, all the unknown quan- 
tities were on one side of the sign =, and all the known 
quantities were on the other. For example, we had the 
equation, 

35a? + 17 a;— 32a? + 3a? — 16a? = 16—7 + 19. 
Here, in the first member of the equation, every term con- 
tains a? ; and in the second member, every term is known. 
That being the case, we may perform on them the operations 
which their signs indicate, and obtain as a result, 

7a? =28. 
Then, dividing both members by 7, 

a; s=s 4. 

It is sometimes the case that equations do not contain the 
unknown quantities thus separated from the known ones by 
the sign of equality. Then we must separate them, or the 
equations cannot be solved. For example, suppose 

6 a? — 4 = 6. 

Now, if by taking 4 away from 5 x we get 6, the 5 a? must be 
4 more than 6. That is, 

5a?=6 + 4. 

The equation can nory be solved by collecting the terms and 
dividing : 

5a? = 10. 

a = 2. 

It will be seen that whereas — 4 was in the left member of 
the equation at first, + 4 is in the right member of the new 
equation. This operation is called transposition; and it will 
be shown that any quantity may be removed from one mem- 
ber of an equation to the other, if its sign be idso changed. 
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Problem 1. What is the value of x in the equation 7x 
— 9 = 26? 

Solution. Here we wish to transpose — 9. We can do 
it by adding + 9 to both members of the equation. 
7a?— 9 = 26 
+ 9 = +9. 



7 a? =26 + 9. 

Thus we have obtained a new equation. The — 9 disap- 
pears, and + 9 appears on the other side of the equation. 
Solving now this new equation, 

7 a; = 26 + 9. 
7a; = 35. 

Problem 2. Given 8 a? = 24 + 5 a?, to find the value 
of a?. 

Solution. Here we wish to transpose + 6 a?. We can 
do it by adding — 5 je to both members of the equation. 

8x =24 + 5a?. 

— 5 a; = — 5 a;. 



8 a? — 5 a? = 24. 
In the new equation, the + 5 a; disappears, and — 5 a; 
appears on the other side of the equation. Solving now this 
new equation, 

8a?— 5a; = 24. 

3 a: = 24 
a?= 8. 
It will be observed, that to transpose a quantity we <idd 
the same quantity vdth a contrary sign. 

Problem ^. .Solve the equation 7a?— 14 + 3a? + 6 
= 31. 

Solution. Here we wish to transpose the — 14 and the 
+ 5, so as to leave the terms containing a? by themselves, 

4 
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We can do it by adding these quantities ivith their rigns 
changed to both members of the equation. Thug, 
7 a— 14 + 3a: + 5 = 31. 

+ 14 —5= +14—5. 



7x +3x =31 + 14—5. 

Collecting, 10 a: = 40. 

Whence, a; = 4. 

Now it is plain that adding quantities with their signs 
changed to that side of an equation in which they are, vrlU 
always remove them from that side, since the same thing with 
both a + sign and a — sign amounts to nothing. It is 
also plain that doing the same thing to the other side of the 
equation vdU always introduce those quantities with their signs 
changed to that other side. And adding the same thing to 
the equal members must give equal results, thus giving us 
a new equation. 

Problem 4. Given 7 x = 63 — 2 aj, to find the value 
of a;. 
Solution. Add 2 a; to both members, and we have 
Tx =63.— 2a?. 

+ 2x= + 2a;. 



7a? + 2aj = 63. 
Collecting, 9a; = 63. 

Dividing by 9, a; = 7. 

Problem 5. Given 13 a? — 2 = 4 a? + 43, to find the 
value of X, 
Solution. Add + 2 and — 4 a; to both members. 

13a; — 2 = 4a; + 43. 

+ 2— 4a? = — 4x +2. 



13a; —Ax = 


43 + 2. 


Collecting, 


9a! = 45. 


Dividing by 9, 


ar = 5. 
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It is not customary to set down all this operation of ad- 
dition ; but, since we know what the result must be, to set 
that down at once, as will be done in the following examples. 
We must be careful not to leave out any term. It is best 
first to set down on each side of the sign of equality the 
t jrms which are to remain on that side, then those which 
are transposed to it from the other side. 

Problem 6. Given 12aj — 14 + 3a; = 72 + 5a: + 4, 
to find the value of x. 

SOLUTION. 

Transposing, 12 a? + 3 a? — 5 ar = 72 + 4 -f 14. 
Collecting, 10 a? = 90. 

Dividing by 10, a; = 9. 

Problem 7. Given — 2a: + 41 + 7 = — 2 + 8— a? 
+ 14, to find the value of a?.- 

SOLUTION. 

Transposing — 2a? + a: = — 2 + 8 + 14 —41 —7. 
Collecting, — x = — 28. 

And if that is the case, x = 28. 

EXAMPLES. 

Find the value of a? in each of the following equations : 

1. 3a? + 5— 2a?=6. Ans. x = 1. 

2. 5a? + 11 —2a? = 20. Am. a? = 3. 

3. Ax— 6 + 5 = 33 — 14. Am. a? = 5. 

4. X2_4: 5 a? = 108 — 5 a; —6. Am. x = d. 
^ 14 = 60 + 4a? — 8 a? + 2. Am. x = 12. 

6. a? = 56 — 8 —3 a?. Am. x == 12. 

7. 2 a? + 7 = a? + 15. Am. a? = 8. 
8r26— 4.2? = a; + 5— 3— 2a?. Am. x = S. 
9. 14 + 3 a? = 78 —x, \ Am. x = 16. 

10. 8a; —30 = 41 —2 + 2a?. Am. a? = 69. 

11. 88 — 12 = \14 + 9a; —55. Am. x = 13. 
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12. 3a; —26 = 39 —8. Ana. x = 19. 

13. 39 + 2 jr = 4a? — 47. Am. x = 43. 

14. 27 = 50 — 7a; + 61. An». x = 12. 

15. 8a: = 14 a? + 14 —55 — 85. Am. x = 21. 

Find the value of y or 2: in the following equations : 

16. 22—62/ + 18 = 100—14 2/ + 36. Am. y = 12. 

17. 3 2/ —6 = y + 16 — 6. Am. 2/ == 8. 

18. 6 + 2 z = 5 2 — 36 + 21. Am. z^l. 
19.41—6^—17 = 120-142. Am. z ^ 12. 
20. 82 — 132: = 92 — 152:. Am. 2 == 5. 

NoTB. Some equations may be somewhat simplified by merely 
omitting something which occurs in both members. Thus, in the 
17th of the preceding examples, we may subtract the — 6 from both 
members; that is, we may take it away or omit it, leaving the 

equation 

8y==y + 16. 

Then the transposition and the rest of the solution is somewhat 
simpler. 



SECTION IX. 

Questions producing Equations that require 
Transposition. 

Problem 1. What number is that which with 7 added 
to it amounts to 23 ? 

Solution. Let x represent the number. 

Then we have the equation, a; + 7 = 23. 
Transposing, a; = 23 — 7. 

Collecting, x = 16. 

Problem 2. Three partners, A, B, and C, have a capital 
of $56000. B's is $5000 more than A's, and C's is $6000 
less than A's. What is the' capital of each ? 
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Solution. Let x represent A's capital. 
Then x + 6000 represents B's. 
And X — 6000 represents C's. 
We have the equation 

a; + a; + 6000 + a? — 6000 = 66000. 
Transposing, a? + ^ + a: = 66000 + 6000 — 6000. 
eollecting, 3 a; = 67000. 

Dividing by 3, x = 19000. 

Whence, x + 6000 = 24000. 

And X — 6000 = 13000. 

Therefore A's capital is $19000; B's, $24000; and C's, 
$13000. ,yyv>y , "'^'>7^ y.^ ^ 

Problem 3. B bought two horses and a $50 harness. 
The first horse was worth the second horse plus the harness. 
Twice the value of the second was equal to the value of the 
first plus the harness. What was the value of each horse ? 

Solution. Let x stand for the value of the second horse. 
Then a; + 60 stands for the value of the first horse. 

We have the equation 2 a? = a; + 60 + 60. 

Transposing, 2 a? — a; = 60 + 50. 

Collecting, ^ , a; = 100. 

Whence, x + 60 = 160. 

Therefore the first horse was worth $160 ; and the second, 
$100. ^^^ ^ 

EXAMPLES. 

1. From three times a certain number 6 is subtracted, and 
the remainder is 13. What is the number? Arts, 6. 

2. A pole 23 feet long is stuct^up in the middle of a pond, 
going into the mud at the bottom 2 feet. Twice the length 
in the water mifltiplied bj' 3 is the lengthen the ^ir. How 
much is in the air? An%, 18 feet. ^ 

3. The difference between two numbers is 1, and their 
sum is 13. What are the numbers ? Ana. 7 and 6. 

4* 
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4. A man worked three days for $14. The second day he 
earned $1 more than the first ; and the third day, as much 
as on both the first and the second. How much did he earn 
each day ? Ans, He earned $3 the first day, J4 the second 
day, and $7 the third day. 

5. I met a man driving a flock of geese, and said, "Good 
morning, master, with your hundred geese." He replied, 
" I have not a hundred ; but if I had twice as many as I 
now have and 4 geese more, I would have a hundred." If 
he spoke the truth, how many had he ? Arts. 48 geese. 

6. George is 5 times as old as John. The difference of 
their ages plus 24 years is twice the sum of their ages. 
What is the age of each ? Ana, George's age is 15 years, 
and Johnis is 3 years. Ncs 

7. Jam^ has 5 times as much money as George, and 
William has 3 times as much as George. James has 22 
cents more than William. How much money has each ? 
Ana. James has 55 cents ; William, 33 ; and George, 11. 

8. A and B entered into partnership, A contributing 3 
times as much to the stock as B. The sum of their stocks 
is worth the difference of their stocks plus $8000. What 
did each contribute ? Ans. A contributed $12000 ; and B, 
$4000. S^ ^ 

9. The head of a fish is twice as heavy as the tail ; the 
body weighs 2 pounds more than twice the weight of the 
head and tail together ; and the whole fish weighs 20 pounds. 
What is the weight of the body ? Ans. 14 pounds. 

10. The head of the same fish is 6 inches long ; its tail is 
half as long as its body ; and its tail and body together are 
3 inches more than 4 times the length of the head. What 
is the length of its body? Am. 18 inches. 

11. John bought a certain number of tops, and 15 times 
as many marbles. After losing 14 of his marbles, and giv- 
ing away 30, he had only 16 marbles left. How many tops 
did he buy ? Am, 4 tops. 

\ 
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12. A and B can together earn $40 a week, of which B 
V. ^ can earn $4 more than A. What can each earn ? Ana, A 

(Jan earn $18 a week; and B, $22. 

13. There are 3 more counties in Connecticut than in 
Khode Island, and 6 more in Massachusetts than in Connec- 
ticut. In the three States there are 2 more^than 5 times as 

V- many as in Rhode Island. How many are there in each ? 

Ans. In Rhode Island, 5 ; in Connecticut, 8 ; and in Mas- 
sachusetts, 14. 
t 14. Divide the number 43 into two parts, one of which 

^ shall be 15 moje^^than ^h^ other. Ana. The parts are 29 

r and 14. /yV ~ "Si^ 

15. Divide the number 43 into two such parts thatrS 
times the less part shall be 5 more than the greater. Ana, 
/ The parts are 31 and 12. ^ <;^ ^ t)^^ ^^9^ 
*^^-(/ 16. Divide the number 43 into two such parts that twice 

f , '^-^ the less part shall be 4 less than the greater. Ana, The 
parts are 13 and 30. 

17. In my largest bookcase are 3 times as many books as 
^ . in my smallest and 60* books besides. In another, twice as 

manyfl^ in the smallest and 20 books besides. In both, 6 
^^ 4imes'as many as in the smallest. How many are in each ? 
Ana, In the largest bookcase there are 300 books ; in the 
smallest, 80 ; and in the other, 180. 

18. Three pieces of marble weigh in all 15 times as ijiuch 
as the smallest piece and 19^pounds besides. The second ' 
weighs 3 pounds more than 6 times the first, and the third 
twice as much as the second. What does each weigh? 
Aifia, The first piece weighs 10 pounds; the second, 53 
pounds ; and the third, 106 pounds. 

/ ' 19. What number is that which will be doubled by add- 
* ' ' ing 5 to it and subtracting the sum from 41 ? Ana, 12. 

20. Divide $47 among George, John, and Charles, so that 
Charles may have $1 more than George, and- John $3 monk 
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than Charles. Ans. George's share is $14; John's, $18; 
and Charles's, $15. •**% 

21. A person spends $24 for clothing, and $10 for books, 
and then has remaining one-third of what he had at first. 
What has he remaining ? Ans, $17, 

22. There are four numbers whose sum is 18 more than 
twice the third. The second is 2 more than twice the first ; 
the third is 3 times the first ; and the fourth is 1 more than 
the third. What are the numbers? Ans. 5, 12, 15, and 16. 

23. Three boys spend at a candy-shop 36 cents. The 
second spends 1 cent more than twice as much as the first ; 
and the third spends 4 times as much as the first. What 
does each spend ? Anp. The first spends 6 cents ; the second, 
11 cents ; and the third, 20 cents. 

24. A mother's age added to her daughter's gives 40 years, 
and the mother's is 4 years more than 3 times the daughter's. 
What is the age of each? Ans. The mother's age is 31 
years, and the daughter's is 9 years. 

26. At a certain election 2874 persons voted, and the sue- f 
cessful candidate had a majority of 376. How many per- 
sons voted for each ? Ans. 1625 persons voted for the suc- 
cessful candidate, and 1249 for the other. ^ 

26. Divide the number 58 into three such parts that the 
first may exceed the second by 9 and may exceed the third 
by 17. Ans. The parts are 28, 19, and 11. 

27. Of $120, I spent a part. If I had spent $4 more, I 
would have spent as much as 3 times the remainder. How 
much did I spend ? Ans. $89. 

28. A started to overtake B, who was 18 miles ahead of 
him. Both were on horseback, and A rode 10 miles an hour 
while B rode but 8. How long was A in overtaking B ? 
Ans. 9 hours. 

29. How can an estate of $12000 be divided among a 
widow, her son, and her daughter, so that the widow shall 
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have $2000 more than her daughter, and $2000 less than 
her s(Jn ? Ana, The widow's share is $4000, ^he son's is 
$6000, and the daughter's is $2000. x 

30. If the difference between 4 y + 20 and 2 y —-16 is 
equal to the difference between 84 — 3y and 12 — y, what 
is the value of y? Arts, y = 9. 




SECTION ;^. 
Multiplication. The Sign^ + and — . 

Mui.TiPLY + 3 by + 2. This means that + 3 is to bfe 
multiplied by 2, and the result added. Hence, the product 
is + 6 added, which is + 6. 

Multiply — 3 by + 2. This means that -^3 is. to be 
' multiplied by 2, and the result added. Hence, the product 
is — 6 added, which is — 6. 

Multiply + 3 by — 2. This means that + 3 is to be 
multiplied by 2, and the result subtracted. Hence, the pro- 
duct is + 6 subtracted, which is — 6. 

Multiply — 3 by — 2. This means that — 3 is to be 
multiplied by 2, and the result subtracted. Hence, the pro- 
duct is — 6 subtracted, which is + 6. 

Thus we have had : 

+ 3 multiplied by + 2 = + 6, 
— 8 multiplied by + 2 = — 6, 
-f 3 multiplied by — 2 = — 6, 
and — 3 multiplied by — 2 = +6. 
In these cases, when the signs of the two factors are the 
same, the sign of the product is +; and when the signs of 
the two factors are different, the sign of the product is — , 
Now this must always be so. To multiply any -f quan* 
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tity by a + quantity is simply to take it so many times and 
<idd the result ; and to multiply any — quantity by a — 
quantity is to take it so many times and subtract the result. 
In both cases the product is +• Also, to multiply any — 
quantity by a + quantity is to take it so many times and 
add the result ; and to multiply any + quantity by a — 
quantity is to take it so many times and subtract the result. 
In both cases the product is — : 

Hence, wheifever we multiply two quantities together, like 
dgna give +, <l>nd unlike signs give — . 



' ^ '/^ 




^ EXAMPLES. 




1. Multiply + 8 by — 2?i 


Ans. — 16. 


2. Multiply — 8 by + 2. 


Ans. — 16. 


3. Multiply — 8 by — 2. 


Ans. 16. 


4. Multiply + 8 by + 2. 


Ans. 16. 


5. Multiply — 13 by + 21. 


Ans. — 273. 


6. Multiply — 18 by — 5. 


Ans. 90. ; ; 


7. Multiply 6 by 7. 


Ans. 42. 


8. Multiply — 6 by 7. 


Ans. — 42. 


9. Multiply 6 by — 7. 


Ans. — 42. 


10. Multiply — 6 by— 13. 


Ans. 65. 


11. Multiply 6 by x. 


Ans. ^x. 


12. Multiply 6 by— a?. 


Ans, — ^z. 


13. Multiply —6hjx. 


Ans. — 6 oj. 


14. Multiply _ 6 by — a;. 


Ans. 6 a;. 


15. Multiply — 11 by 207. 


Ans. — 22 a:. 


16. Multiply 4 by — 7 a?. 


Ans. —28 a;. 


17. Multiply — 5 by — 3 ic. 


Ans. 15 ar. 


18. Multiply 4 by — a. 


Ans. — 4 a. 


19. Multiply _ 2 by — a 


Ans. 2 c. 


20. Multiply — 6 by 3 a 


Ans. — 16 c. 



\. 




SECTION XI. 
Multiplication of Literal Quantities. 



"When we write two letters together without any sign 
between them, we mean that one is to be multiplied by the 
other. Thus, ab means the product of a and b. So does ba. 
In the same way, a^yz means the product of x, y, and z. 
This is not the case with figures. Thus, 53 does not mean 
5 times 3, but 5 tens added to 3. A figure before a letter, 
however, indicates multiplication : 4 n means 4 times n. 



EXAMPLES. 



iH 



7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 



Multiply 9 aJ by 6 c. \\ . 
Multiply bxyhj — n. • ^. 7 * 
Multiply — a^ by — b\ '' " 
Multiply — 3 a V^ 8 ny. 
Multiply — 15i/z by ^^ S x\ 
Multiply 6 a^byjr 32x1, * 
Multiply — 42abcS€f by ghi. 
Multiply^ — 2 coc^y^ by — 5 n^a. 
Multiply 22 mn by Sp^q. 
Multiply — . 4 mn by — 2 ax. 
Multiply — 9 a? by 8 y. 
Multiply — 8 35 by — 9 y. 
Multiply 4 en by 4 x. 
Multiply 3 a;^ by — y\ 
Multiply —2y by 7 w^. / 
Multiply — 11 a;2 by — 6 w«. 

Multiply 3 n'* by 15 j^Y- 
Multiply — 2xyhj — 10 zw. 

Multiply 4 OCX by — Spq. 

Multiply -^ 3 nxc by 7 ab. 



Ans. 54a6c. 

Ans. — 5 nxy. 

Ana. a^b\ 

, An8. — 24ta^xny. 

Ans, 4dyzx\ 

Ans. — 192aV. 

Ans. — 42abcdefghi. 

Ans. lOcx^^n^a. 

Ans. 66mnp^q. 

Ans. Smnax. 

Ans. — 12x1/. 

Ans. 12 xy. 

Ans. l%cnx. 

Ans. — 3a:y. 

Ans. — 14:ynh. 

Ans. 66xzws. 

Ans. 45 n^p^q^. 

Ans. 20 xyzw. 

Ans. — 12 acxpq. 

Ans. — 21 nxcab. 



\ 
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SECTION XII. 
Multiplication. Exponents. 

If we multiply a by a, we may write tlie product aa; but 
it is more usual to write it a^ So, if we multiply together 
X, X, X, X, and jc, we may write the product xxxxx ; but we 
usually write it x^. The numbers placed to the right of the 
upper part of a letter are called exponents or indices. Their 
use is to show how many times the letter is to be taken as a 
factor. The letter x alone is the same as x^. 

Now, if we multiply aaa by aaaa, the product is aaxmaaa. 
That is, a^ X a* =s a^ The exponent of a letter in the 
product is equal to the sum of its exponents in the factors. 
This must be so ; for the letter is taken as many times in 
the product as in the factors, and the exponent only shows 
how many times it is taken. 
Hence, c^ x c^ = c^; for cc X e =s ccc 

n X n^ =a n^; for n X nnnnn = nnnnnn. 
8^ X «* = «*; for ss X ssss = ssssss. 

In multiplying one term by another, remember : 

1. Like signs give + ; unlike signs give — . 

2. Writing letters together expresses their product, 

3. The index of a letter in the product is the sum qf its in- 
dices in the factors. 



I 
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EXAMPLES. 

1. Multiply a by b, ^ 

2. What is the value ofaX^XcXa?? 

3. Multiply 3 a by 7 .-r. 

4. Multiply 12xhydy, 

5. Multiply — 6 a by 5 6. 

6. Multiply 5 axij by — 7 bz, 

7. Multiply 9 o,aaaa by 5 aaa, 

8. Multiply 21 aabhh by 32 abbec. 



Ans, ab, 

Ans, obex, 

Ans, 21 ax, 

Ans. l^^xy. 

Ans. — 30 aft. 

Ans, — 35 abooyz. 

Ans, 45 a*. 

Ans. 67-2 a»W; 



/ 
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9. Multiply 15 xxyyy by 3 xxxy. Ana. 45 a^y*'. 

10. Multiply 9 a* by 5 a'. Ans. 45 a\ 

11. Multiply 21 aW by 32 ah^c\ Ans, 672 a'JV. 

12. Multiply 15 xy hy 3 af^t/. Ans, 45 j^y. 

13. Multiply 13 ai^y^ by 4 a^/zl Jrw. 52 ir»r/'2l 

14. Multiply 12 a»6V by 4 aVa:*. ^n«. 48 a'^ft W. 
^^^^^d. Multiply 5 a»j:y by — 6 aVz*. jlrw. — 30 aVi/V. 

16. Multiply — 6 rrVz* by — 4 x»^V. jl/w. 24 a-^z*. 

17. Multiply — 5 a^!/h by 7 ay. Ans. — 35 o^icyz: 

18. Multiply 21 axV'' by 3a'ar^l Ans. 63 a'^-^l 

19. Multiply — 14 a^xh/z" by 2 axyz. Ans. — 28 aWY:^. 

20. Multiply — 4^y^^° by — ^jiii^^ Ans. 20 a;«y^*>2^ 
t| 21. Multiply -^ aVa:" by 9 a^b*x^yz. 

^^ S y Ans. —21 a^h'x^y:^. 

22. Multiply — 7 a^xy^^z by — 3 cwyz. ^/w. 21 a}''x\y^z\ 

23. Multiply — 4 a'^rn^n*' by — 9 a'wV. ^7W. 36 o}'^m}''n^\ 

24. Multiply 12 apVrs by 3 a^pqr^. Ans. 36 aYg'^'rh^ 

25. Multiply 16 a*mV^ by 12 a*my. ^tw. 192a'7)iV2/*. 

26. Multiply 5 a^m^x'z^ by — 3 amV2». 

^?w. — 15a^«m"2-V. 
- 27. Multiply — a!^x?i/z by 6 07^^^'. ^n«. 0. 

28. Multiply — 6 ay^^ by — 2 aV2\ ^tw. 12 a^»a:*2/j2». 

29. Multiply together 12 a"z^ — 6 a% and 6 a»a;. ' » 

^n«. — 360a'«a:z». 

30. Multiply ^o^ther 6 mWj^Y^ — 3 m««^ and — 1 p^qK 

f ' Ans. 10^ mWp^q^K 

31. Multiply together — 12 a'b^xy, —^a*h''a^y\ and — 2 

a^U'xY. Ans. —UOa'^bWy. 

32. Multiply together 18 a*x«^, 3 a^z% and — 2 a*af^yz\ 

^ ' ' Ans. — 108 ci'V^t/V. 

33. Multiply together 12 a»6*cWe* and — 9 a^ftVe*. 

^ Ans. — 108 al^b^c^cP^. 

34. Multiply together 11 a'a;*, — ^'15 ax-y, and — 14 axyz\ 

/" . ^m. 2310 a''xyz\ 

35. .Multiply together — 8 a*a:*, — 17 cur*, and 5 aVy. 
^//^ ^ I Ans. 255 aVV; 



£a it--ii.i^ 
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36. Multiply together — l^a'ic'z, — 4 a'icz*, and — 3 oa^^fT^. 

Ans. —14Aa^x'yz\ 

37. Multiply together — 4 a^z\ 6 ax^y'z^ and 7 z*. 

^rw. — 168a*a?y2«. 

38. Multiply together 12 rr?n^p^j 4 m*n^p\ and 2 winp. 

-47W. 96 mW^*. 

39. Multiply togetherijJ,.12 ^*, 2,fi^l^Ji(!!,.fi£da;V 

•^ ^n«^36 a»». 

40. Multiply together aV, 5 aV, 3 aa^, 2a^y and a*. 

Ans, 30 a^^'*:' 

41. Multiply together 6 X* and a*ir". jliw. 5a*a:*. . 

42. Multiply together aV and 5 aV. J.n«. 0.' ^^^ — ^ 

43. Multiply together 7 aV and 13 aV- ^»«- 91 aVz/*. x 
44 Multiply together 16 aVy* and 4 a^a^y^z^, r) 

u4?w. 60 a»a;V2'. ^ 

45. Multiply together — 7 aVy' and — 11 a?b^ ^ ^sf^ \ 

Ans. 77a}'¥cWYz\ 

46. MultiAly together — 2 a^€^jc!^(p and — 6 a^t/^(Pa\ 

^^ Ans, lOaVdVy. 

47. Multiply together — 13 aV6», — ^ 6'flix'^ and — 8 afb''a\ 

Ans. — 208a"6«cV*. 

48. Multiply together — 6 aVm*, 3m*xV, and — 2 ar*aW. 

^/M. 30 a"m'V. 

49. Multiply together — wi, — m, — »», — m, — w, and — m. 

50. Multiply together — mjm,—^ trtj w, — m^ nd m. 

Ans. — m*. 
61. Multiply together — ax, ax, — ax^ cur, — ax, and ax. 

^ Ans. — a^a^, 

52. Tklultiply together — ax, — ax, — ax, — ax, and — ax. 

Ans. — a^x^. 
63. Multiply together — ax, j^, — ax, ax, and — ax. 

">s^s»^^^ Ans. — a^x^. 
54. Multiply together 6ab, — 2 m', — 9 oS^and 3 m\ 

r^— ^^^ Ans. 324a'6W. 
d^ Multiply together Qab, — 2 wi*, 9 ab, and 3 m*. 

^715. — 324a'^6»m*. 
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56. Multiply together — 6ab,—2m\ — 9 ab, and 3 m\ 

Ana. — 324a'6W. 

57. Multiply together — Gab, — 2m*, — 9 ab, and — 3 m\ 

Ana. 324a*6W. 
68. Multiply together — 6ab, — 2 m\ and — 9ab. 

Ans. —lOS a'bW. 

59. Multiply together 9 c'cf ey»/^* and — 2 c^Wpd^e^ 

An8. — 18c«dV/yA«. 

60. Multiply-together — 2 a^a^c^y^ and — 5 c^x^aK 

An8. lOaVx't/*. 




SECTION XIIL 

Multiplication of a Polynomial by a Monomial. 

Hitherto we have^pnly multiplied together single terms. 
When we wish to multiply a quantity containing several 
terms, we must multiply all of its terms. To multiply y — z 
by X, we must multiply yhj x and then — zhj x. 

FjtOBLEM 1. Multiply 7 ay — Sx + 2c by — 4 a'cx*. 

Probl^sh 2. Find the value of the following expression : 
(_9n'— 3ca?*— lla^n) x 5nar. 

Note. The parenthesis is necessary here. If it were omitted, 
the meaning would be that only — 11 ahi was to be multiplied by 5 nx. 



•a 



OPERATIONS. 



lay —Sx +2c, 

— 4 a'ca?*, 




— 28a*ea^ + 


12a»cir' 


— 8a»c»x». 


— 9n' — 


3ca^ — 


■lla'n, 
6nx, 



■ 45 n*x — 15 cnx^ — 55 aVx. 
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EXAMPLES. 

Find the values of the following expressions : 

1. (5a + 2x—Sy) x a. Am. ba? + iax — Say. 

2. (8ax— 3a' + ar') x x^y. 

Ana. 8 ac'y — 3 aV^ + x*y. 

3. (7aV— 4ay + 5a/) x 3ay. 

Ana. 21 ay — 12 ay + 15 ay. 

4. (18 aVy — 5 axy + 7 xy^) x — 3 aa:y. 

^rwj. _ 54 aVt/' + 15 aVy» — 21 aa:y. 

5. (— 9a*xV + 3a'a^»— 2y») x — 4xy. 

Ana. 36 aVy» — 12 a'a;y + 8 a:y. 

6. (5a»6— 2a'6» + 7a6«— 26*) x — a6. 

Am. — 5a*6' + 2aW — la^h'' + 2ab\ 

7. (6a^ — 5aV + 4a'6»— 7a6*) X — 3a6. 

Am. — 18 a''^ + 15 a*6» — 12 a'6* + 21 a^b\ 

8. (— 21 m»na? — 146a: + IGx*) x — 3a»m*x. 

/ Am. 63 aW^iar' + 42 a»6mV — 48 a»m*x». 

9. (12aV— 5ay— 3a^) X 3aVy. 

Am. 36 aVy — 15 «**a;y — 9 aVy. 

10. (lOaV^— 5aV2;' + 7 aa^ir" — 2 a^xz) x Oaxz. 

-4w«. 0. 

11. (13mV — 11 a'^ft' + 5a;y) x OaWy. Am. 0. 

12. (9aftc— 8a6 + 6a— 7) X — 5ac. 

Am. — 45 a^bc" + 40 a'bc — 30 a'c + 35 ac. 

13. (18 c — 19 a + 16 xy) x 2aV. 

Am. 36 aV — 38 aV + 32 aVo^y . 

14. (16 aft — 7 6aa? + 9 c»a' — 8 ca:) x 5 c'ax. 

Am. 80 a^bc^x — 35 a'ftcW + 45 €^^x — 40 ac»x^ 

15. (12a»— 5a'6 + ^a^—2ay) x —lai/x. 

Am. — S4 a^xy + Zba^bxy — 42a'xy + 14a*T^'. 

16. (19ay — 13mVa; + l^y) X 5 c«j:»m. 

Am. 95 a^(^m3?y'^ — 65 &m*'v^x^ + 90 c^wx'y. 

17. (10 a»6'c— 9 a5c' + 3a'6V + 2a'6c') x 8a»ftV. 

.4/15. 80a«6V— 72a*6V + 24a'^6'^c» + 16a^ftV. 

18. (5ax2/' — 7 ay + 6ajry — 2ax) x — 2axy. 

Am. — lOaV/ + Ua'^iry' — 12aV2/^ + 4a*a:V. 
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i 19. (3 c'dPx — 4 cPe'x' + 5 e'/ V) X 6 e/a:«. 
J ^-^ ulna. 18 c'd'efx" — 24 (^V/ar* + 30 ^fsf^. 

20. (— 12 aV — 5 <»*2'x + 3 af^i/z — 2 ayx) x — 3 aV. 
^n«. 36 a^x'yz + 15 aV/ — 9 aVyz + 6 aVy. 

21. ( — 5 oa;^^ + 2 a't/a?* — 6 ^ha — a') X 4 aj^a?. 
' ^n«. — 20 aJ'xy -f^S a^a^f — 20 a'xy^z — 4a*a?y. 

22. (— 2 a"^« + 3 a'^mJ^) X 6 x^ml 
Ana, — 12 a"mVy« + ISa^'w^x^y" 

23. {5h'k—6b'k + Ib'h) X — 86M. 
Ans. — 40bh'k' + 48 b^hlc' — 56 6Wft. 

24. ix^q — 7pqx^ + b pq^x — a^p^(f) X 12ar»^». 
^715. 12 pV^» — 84joV^ + 60 joV-c* — 12^) V«''- 

25. (14 6V— 8a»6Va;«dV^) X 4a«6»^ft»y. 

2^..-Ci2 — 5 cV + 2 btx) X — a6cx. 

jlrw. — 12 obex + 5 cS'b&x — 2 ab^c^a^» 
27. (aJc— 6c'a + 6ca»— a^ftc') x — a'6c^ 

Am. — a»6V + a«6V — a*6V + a*6V. 
28.^^t5T»^^-s 4aA + Z—2.k^) x 6aAifc». 
. ^^ Ana, 30 a'^Ai^:* — 24 a^hV + 18 aA»* — 12 ahk\ 

26. (12a(5a?^— 5a.rV6 + 4cV/6») x 7a*6'a?. 
i Ana. 84 a^ft'^co:' — 35 a^frVaj* + 28 a*6Va:V. 

30. .{5 a*6* — 7 6y — 6 aV) x — 10 df^bY- 

Ana. —50 a^^fiV + lOa^b'^'y'^ + 60 a^W^ 



; i^ ^7w. 56 a}%'^c^xy — 32 a^^ft^c'^ci Wy. 







^ 
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ation of a Polynomial by a Polynomial. 



To multiply anything by 3 + 5, we must not only take it 
3 times, but also 5 times. So, to multiply by x + y, we 
must first multiply by a?, then by y, and add the products. 

Problem 1. Multiply a + 6 by a; + y. 

/v 
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OPERATION. 
a +b, 
« +2/> 



cue + bx ss the product of a -f & and z. 

+ ay + 6y, » the product of a + & and y. 

ax + bx + ay + bi/, s the product of a + & and a; + y. 

Problem 2. Multiply 3 c*j? + 4 cx^y —Sa^y^ hj 2(^x 
— Scx^y — 6x^^\ 

OPERATION. 

3 c*a7 + Acx^y — 3 x«y* 
2c'a? — Sex"^— 6a^y* 

6 <J*a?' + 8 c»j;»y — 6 i^a^t/* 

— 24:4^xh/ — 32 c'a^^ + 24(vr»3/« 

— 18 cVt/' — 24ca;*t/» + 18aV ^ 
6 cV — 16 c'x^y — 66 cV^» +^18^Y. 

Problem 3. Multiply a^ — «:* + «* — x" + ic' — x + 1 
hja^ — x + 1, 

OPERATION. 

a^— a^+ og^— a^ + x^ — x + 1 

x^— x+1 

x^ — x* + x^ — a*+ a?* — a^ + jc* 

— x^ + afi — a^ + 00*' — x^ + a? — x 

a^ — a*+ ^ — x^ + X* — x+1 

af'—2x' + Saf^—3x^ + 3ar*— 3a;» + 3a;'— 2.^ + 1. 

In the last example, the multiplicand is said to be ar- 
ranged according to the powers of x, beginning with the 
highest. So is the multiplier. Hence the operation has a 
kind of regularity about it, and the product is also arranged 
according to the powers of x. In the example before it, the 
factors are arranged according to the powers of c, beginning 
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with the highest ; and it so happens that they are also ar- 
ranged according to the powers of x and of y, beginning 
with the lowest. Such an arrangement is not always possi- 
ble, but should be made whenever it is possible. 

EXAMPLES. 

1. Multiply x^ + yhj X + y, Ans, a' + 2 art/ + y'. 

2. Multiply c + dhj e + d. Am, e^ + 2cd + d^, 
8. Multiply b + xhy i-M?. Am, V + 2hx + x*. 

4. Multiply X + yhj a + h, Ans, ax + ay + hx + by, 

5. Multiply m + nhjp + q. 

Ans. mp + np + mq + nq, 

6. Multiply a + 6 by c — d, Ans, ac + be — ad — bd, 

7. Multiply A + ^ by a? — y. Ans, hx + kx — hy — ky, 

8. Multiply X + y hj X — y, 

9. Multiply c + dhj e — d. 

10. Multiply c + dhj—c + d. 

11. Multiply r — shj r + s, 

12. Multiply x^ + y' by x^ —y^' 

13. Multiply x^ + y^ by x^ + y\ 

14. Multiply x^ — y^ by a?* — y\ 

15. Multiply a^ + ax + x^ by a — x. 

16. Multiply a^ + 2 ax + x^ hj a^ — 2 ax + x\ 

^ ^ J^ Am, a^ — 2aW -{- x\ 

17. Multiply c" + 2cd + rf' by c + d. 

Am, c» + 3cy + 3 c(? + cP. 

18. Multiply c» — 2 cd + cP by c + d. 

-4»w. c* — c'd — ccP + d*. 

19. Multiply x^—X'['lhjx + 1. Am. x* + 1. 

20. Multiply as' — ax + yhj x + a, 

Ans. a^ + xy — a^x + ay, 

21. Multiply in^ + m^n + mn* + n' by m — n. 

> Ans, m* — n*. 

22. Multiply 3 wi —2 X by 3m + 3a:. Am. 9m' —4x\ 

23. Multiply 8 a:* + 3/ by 8 a* -^ 3 yl Am. 64 «» — 9 1/*. 





Ans, 


x^—f. 




Ans. 


c*—d\ 




Ans. - 


V + d'. 




Ans. 


r'—s'. 




Ans. 


x'—t- 


^n«. 


ai+ 2x 


y + y*.) 


^n«. 


x* — 2x 


y + f! 


a;. 


Ans. 


o»— x». 




' y ' - 
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24. Multiply S —S x + x^hj S + x. Arts. 24— x + xK 

25. MultipTy'i' + a* + a» + 1 by a» — 1. Ana, a* — 1. 

26. Multiply c^ — c* + d^—c by c* + 1. ^rw. <^—C' 

27. Multiply 5 a'jry^ — 3 a*x by 5 a'xy* + 3 a*a;. 

uin«. fea'x^2/* — 9aV. 

28. Multiply^' + q^^JP + q- 

Ana. p* + 1'*^ + P^ + 9*' 

29. Multiply y + gfhjp + q. 

Ana. p^ + p^ + ^'5' + 5^. 

30. Multiply 4 + 52/by2a + 3. 

^w«. 8 a + 10 ay + 12 + 15 y. 

31. Multiply 3 x» + 2 2/« by 2 cB» + 3 2/'. 

Am. 6 a:* + 13 j;y + 6 y*. 

32. Multiply aJ» + 3a;V + 3xt/» + y» by ar»—3a;"y + 3xy 
— y*. Ana. a:«— 3a7*/ + 3a:y — 1/«. 

33. Multiply 3a*— 12 a»a? + 2aa;» — 5a:* by 7a — 2at. 
Jn«. 21a*— 90a*a; + 24a>x' + 14aV— 39a^ + 10a;». 

34. Multiply 3 a* + 5aV + y' by 3a* — 5aV + t/\ 

9a«— 19aV + 2/*. 

35. Multiply 7 a*a; — 2 b^y + zj: by 5 a» -f 3 6* — y\ 
Am. Sda'x — 10 a^b^y + 5a^xz + 21 a^b^x — 6 b'^y + 

\3 b*xz — 7 a'^xy^ + 2by— xy^z. 
36. Multiply 16 a*m« — 5 a'a; + 2;' by a — ^ + 3 xl 
^ ^7i«. 16a*m'— Sa'x + az^ — 16a*m^z + ho^xz—'^ -j- 

48 a*mV — 15 aV + 3 a;V. 
"37. Multiply 11 b\ — hc?y^ + 22: by 14a»w + yz. 

Am. 154a»^>*cm — 70 a^ny^ + 28a»j7i2 + 11 5»ct/2: 
-^ yy ^ —5 ay 2; + 2^2:1 

•^ 38. Multiply 13 r'« — 5 ra' + 3 ra by 6 r's + 2 ra^ —ra. 
^ ^rw. 78 rV — 4 r^s* + 5 r^a" — lOrV + 11 rV — 3 rV. 

39. Multiply 15 c'c?» — 5 c/ + 2 c(f by 16 6/ + 4 c'y — z. 
Ana. 240 e'cPef— SO e^f\+ 32 cde/ + 60 d'd^y — 20c''efy 

4- 8 c»r7y — 15 e'd'z -^ 5efz—2 cdz. 

40. Multiply 16 a*m + 2 am' —im^hy 6 a^m —Sam\ 
Ana. 96 aW + 12 a«m* — 24 aW — 48 aW — 6 aW 

^1^ ^^ +12am^ 



^ 
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41. Multiply 25 a» + 6 a*6 + 7a^b^hj2a—Z b. 
Am. 50 a* + 12 a'b + 14 a^b' — 75 aJ'b — 18 a*6» — 21 a^b\ 

42. Multiply 1 —3a; + 3 x* — a?» by 1 —2a? + x«. 
Ana. 1— 5x + lOa:* — 10a:» + 5x* — a:». 

43. Multiply 7 a — 3 6 by —5a + 26. 

Am. —35 a' + 29a6 —66*. 

44. M4ltiply 5a* + 2a6 —36* by —5a + 66. 
Ana. — 25a» 4- 20a*6 + 27a6*— 186». 

45. Multiply 3a* — 4aa7 + 5x* by 7a* — 2aa; —3a;*. 
Ana. 21 a*— 34 0*3; + 34aV + 2aa;»— 15a;*. 

46. Multiply 5 a* — 4ay + 7 y* by 2a* — 3ay — 3y*. 
Ana. 10 a* —23 a'y + 11 a*y* — 9 aj/* — 21 1/*. 

47. Multiply m* — w* by m* + w*. Ana. m' — n®. 

48. Multiply m* — n* by m* — n*. ^n«. to® — 2 mV + w®. 

49. Multiply 3a;^ — 2x + 5 by 4a;* —x + 6. 
iiiw. 12a-» — 3a:«-f 18a;*— 8ar»+ 22a;*— 17a? + 30.- 

50. Multiply x^—x^ + y* — y^ —xz + z^hjx + y + z. 

Ana. a;' + t/* + 2* — 3 xyz. 

51. Multiply 81 c* + 27cV + 9 c*y + 3 (^ + y* by 3 c — y. 

^?w. 243c*— y*. 

^J2. Multiply 32 a* + 16 a^'x + 8 a V + 4 a*a;» + 2 aa;* + 
a:»by2a— a;. ^7W. 64a^— a;*. 

53. Multiply 1024 b\ — 256 6*c + 64 6V — 16 6*c» + 4 6c* 
— c* by 46 + c. ^rw. 4096 6« — c«. 

,^54.VMultiply 81c* + 54 c»a; + 36 c"^. + 24 ca;» + 16 a;* by 
J Sc—2x.-- ^ ilTw. 243c» — 32a;*. 

Il -^ii^^' .M^l^^P^y ^«* + ^«* + r« + 1 by — r's' + r*a* — rs + 1. 
^- 'ly^J Am. —7^^ + \. 

. ^ 66. Multiply m' + 2 m*n + 2 mn* + n» by m» — 2 m*n + 

^ V. 2wm* — n'. Ans. m« — n*. 

j;\ 57.^fttultiply a^ — 2a«y + 3ay — 4a*y» + 5ay — 6a*y* 

+>a^ — 8y^ by a* + 2ay + y*. 

•^i ' \ Am. a* — 9ay»— 8y». 

yp"- 68. What is the value of (a* — oa; + a;*) (a* + ax + a;*) ? 

y*; ^rw. a* + a*x* + a:*. 

69r Wliat is the value of far 4- 1) (x—2) {x + 3) (a? — 4) ? 

Am. ^* — 2a;» — 13a;* + 14 a; + 24. 



\ 
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60. What is the value of (x — 5) (a: — 6) {x — 7) (a? — 8) ? 

Ana. X*— 26a:» + 251 a?» — 1066a; + 1680. 

61. Expand {x + a) {x + b) (x + c). 

Ana, a^ -f cwc' + Jar* +00^-^ abx + acx + hex + abc, 

62. Expand (x — a) (jc — n) (x — c). 

-4rw. a:* — aa^ — rw?* — cx^ + anx + oca? + cnx — acn, 

63. Expand (a* — a;*) (a + x) (a* — a'a? + aV — oa;* 

+ a^). ^rw. a«— «^^ 

64. Expand (a* + a^) (a — a?) (a* + a'a? + aV + cwc* 

+ it*). Ans. a^—x"^. 

65. Expand (a» —a;') (a* + oaj + «») (a* — ox + a?»). 

Ans. c^ — x^. 

66. Expand ai (o' + 6') (a + 6) (a — 6). ^rw. a*6 —ah\ 

67. Expand '(a + 6) (a —6) (a» + 6^). Ans. a* —6*. 

68. Multiply a — b + cbya — b — c. 

^rw. a'— 2aJ + 6'— c*. 

69. Multiply together x + y^y + z, and z + w. 

Ans. xyz + 2/^2; + a?z' + yz^ + a;t/ie; + y^w + a:zw + 2/2:w. 

70. Multiply together x + y + w and y + z + w. 
Ans. ay + y' + 2yti; + az + y^ + ^w; + ani> + to*. 
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SECTION XV.^ 
Equations requiring Multiplication. 

Problem 1. Given (a? — 8) x 10 «= 40, to find the 
value of a?. 

Solution. (a? — 3) x 10 = 40. 

Multiplying, 10 ar — 30 = 40. 

Transposing, lOa? = 40 + 30. 

10 x= 70. 
ar«7. 



^HJi 
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Problem 2. Given 5 + a? x 11 + 14 = 91, to find 
the value of x. 



Solution. 5 + j? X 11 + 14 = 91. 

Multiplying, 55 + 11 x + 14 = 91. 

Trahspos^iuag, 11 a; s= 91 — 55 — 14. 

11a: = 22. 
X = 2. 

Problem 3. Find the value of a?, when (5 — x) (13 
-2a:)— 9 =»— 8 X 2a: + 35. 

Solution. 



(5— a?) (13— 2a:)— 9 = x—% x 2a: + 35. 
Multiplying, 

65— 23a: + 2a:»— 9 = 2a:'— 16a? + 35. 
Here the 2 x^ may be cancelled in both members of the 
equation ; that is, subtracted from each of the equals. We 
then have 65 — 23 ar — 9 = — 16 a: + 35. 

Transposing, — 23 a: + 16 a; = 35 — 65 + 9. 

— 7a? = — 21. 
If —7 a? = —21, then + 7 a: = +21. This change 
may be made by multiplying the equals by — 1. 

Hence, 7 a: = 21. 

a?=: 3. 

Note. In problem 2d, 5 -|- a: is multiplied by 11 only. If it were 
to be muUipUed by 11 -\- 14, there would have been a parenthesis 
enclosing 11 -\- 14. So, in problem 8d, x — 8 is multiplied by 2 a; 
only. 

EXAMPLES. 

Find the value of x in the following equations : 

1. (x + 6) X 9 — 2 = (x — 1) X 40 —1. Am, a: = 3. 

2. (5— a:) (%-^x) = (7— x) (8— a:)— 10. 

Ans. a? = 4. 

3. (5 + x) (3 — 7) = — 9 a? + 15. Ana, a: = 7. 

. / 1^ 
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4. (x — 7)(x— 3) = (a;-2)(x— 9) + 1. 

• Am, X = — 2. 

5. (^ + 7) X + 3 = (a; — 3) X — 37. ^n«. a? =» — 4. 

6. (x — 4 + 3 a:) (5 --r^2) = 11 ar — 1. Arts, x = 11. 

7. J~^ X a; — 20 = X* — 15 a; — 84. Am, x = 18. 

8. 7 ar + 7 = 10 a? — 50. ^w«. a? = 19. 

9. a;« + X + 1 = ic» — 6 a? + 8. ^rw. a; = 1. 

10. (5a; + ^)("6x+2) + 6= (2x + 9) (15a; — 2) + 30. 

^ns. a; = 0. 

11. 2 (3 « — 10) = 5 a; — 15. Am. a? = 5. 

12. 3 X + 7 — (U + ^) == 12. ^ns. a? = 8.^ 

13. (a; + 3) (a? —7) = (a: + 13) (a; —12) + 50. 

Arts, X == 17. 

14. a; + 11 — 2a7 = 5x — 55. Am, x = 11. 

15. x« + a; — 20 = a?'' —3a; + 60. Am, x = 20. 

16. (5ar + 1) (4a; + 1) = (10 ar + 1) (2a7 + 1) —18. 

Ans, ar =B 6. 

17. 3 = 6a7^ — (2a: + 2) (3ar +1) + 77. Am, a; = 9. 
lOar — (2ar + 20) = %x — (x + 80) —(3a; + 40). 

Am, X = 100. 

19. (x— 4j (4a; —1) +32 = (2a7— 2) (2ar — 2)— 13. 

Ana, ar = 5. 

20. (a? + 2) 3 = (a; — 2) 7. ^ Am. x = 5. 

21. (a; + 2f) 4 =^ {x -^2). Am, x = 5|. 

22. x"^^ X 3 = x^^ X 17—4. Am, x = 4y^^. 

23. 5 X 3— a? == 7 -rar x 4. ^n«. x = —13. 

24. — 13(3— 3x) = — 11 (2 + a?).' ^/w. x = ^J. 

25. 3 X — (x + 1) = 7. ^^w. a; = 4. 

26. 52 — (ar — 3) = 30. ^ Am. x = 25. 

27. 5 — (X — 1) = 6 — (3 X + 2). Am. x = — 1. 

28. (3— 6x)x ^x-f 7=»— 6x^— (3x+ 2) x — 4a7. 

Ans. X = /y. 

29. (X.+ 3) X — 5 + X = a? —3 X (3^+ x). 

^ . \ Am. X = — 3. 

30. 2X + (X— 1)— (X-rkl>^(.^ — 1>==5. 

Am. X =s 6. 
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SECTION XVI. 

Questions producing Equations -with One 
Unknown Quantity. 

Problem 1. Two men together had $40. One gave the 
other $4 and then had 4 times as much as the other. How 
many had each at first ? 

Solution. Let x stand for the number of dollars one 
had at first. 

Then 40 — x stands for the number of dollars the other 
had at first. 

Then x — r 4 stands for what the first had after giving 
away $4. 

And 40 — a? + 4 stands for what the other had after re- 
ceiving the $4. 

Now, by the conditions of the question, 

. X— 4= 4(40— a? + 4). 
Multiplying, ^ - a; — 4 = 160 — 4 a; + 16. 

Transposing, ^ as + 4 x = 160 + 16 + 4. 

/ /^<>^l6cting, . 5 a; =180. 

/ // Dividing by 5, a; = 36. 

^^SJ Then, 40— a? = 4. 

Hence one had $36 and the other $4 at "first. 

Problem 2. Two men travel in opposite directions, 
starting from the same place, and at the same time. The 
first travels twice as many miles an hour as the second, and 
at the end of 5 hours they are 46 miles apart. How many 
miles an hour does each travel ? 

Solution. Let x represent the number of miles an hour 
the second travels. 

Then 2 aif represents thje number of miles an hour the first 
travels. / 

Then 6 x represents what the second travels in 5 hours. ^ 



> 
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And 10 X represents what the first travels in 5 hours. 
Now, by the conditions of the question, 

lOx + 5a? = 45. 
Collecting, 15 a; — 45. 

a?= 3. 
Then, 2 a? = 6. 

Hence the first travels 6 miles an hour, and the second 3. 

Problem 3. A grocer sold 5 pounds of sugar, 4 pounds 
of coffee, and 28 pounds of flour, for $3.35. The price of a 
pound of coffee was twice that of a pound of sugar, and the 
price of a pound of sugar was 3 times that of a pound of 
flour. What was the price of each ? 

Solution. Let x represent the price of a pound of flour. 
Then 3 x represents the price of a pound of sugar. 
And 6 X represents the price of a pound of coffee. 
Also 28 X represents the price of 28 pounds of flour. 
And 15 X represents the price of 5 pounds of sugar. 
And 24 X represents the price of 4 pounds of coffee. 
By the conditions of the question, 

28 J? + 15 a? + 24 J? = 335 cents. 
Collecting, 67 a? = 335. 

a? = 5. 
Then, 3 a? =15. 

And 6a7 = 30. 

Hence the flour was 5 cents a pound ; the sugar, 15 ; and 
the coffee, 30. 

Problem 4. One of two brothers, is 4 years older than 
the other; and 6 times the age of the first is 8 years less 
than the product formed by multiplying a number 2 greater 
than the age of the second by 8. What is the age of each ? 

Solution. Let a? stand for the age of the younger. 

Then a? + 4 stands for the age of the older. 

Then 6 (a; + 4) stands for 6 times the age of the older. 
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And 8 (a? + 2) stands for the last product alluded to in 
the question. 

Then, by the conditions of the question, 

6 (a; + 4) = 8 (a? + 2) — 8. 
Multiplying, 6 a? + 24 == 8 a; + 16 — 8. 

Transposing, 6 a? — 8 a? = 16 — 8 — 24. 

Collecting, — 2 x = — 16. 

Changing signs, 2 ar = 16. 

a? = 8. 
Then, a? + 4 = 12. 

Hence the younger is 8 years old, and the older is 12. 

Problem 5. A criminal escaped from prison, and trav- 
elled on foot for 4 days, when he stole a horse and travelled 
twice as fast as before. Five days after his escape, his route 
was discovered, and he was pursued at the rate of 70 miles 
a day, and overtaken in 4 days. At what rate did he travel 
on foot ? 

Solution. Let x be the number of miles he travelled on 
foot in a day. 

Then 2 x is the number of miles he travelled on horseback 
in a day. 

When he was overtaken, he had been out of prison 9 days, 
and had travelled 280 miles. 

Kow 4 a; is the number of miles he travelled in the 4 days 
on foot. 

And 5 X 2 a; is the number of miles he travelled in the 
remaining 5, on horseback. 

Then, by the conditions of the question, 

4a:+10x = 280. 
Collecting, 14 a; = 280^ 

a? = 20. 
Hence he travelled 20 miles a day on foot. 



^ ^:?/' 
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EXAMPLES. 

1. A boy bought the same number of tops, of marbles, 
and of balls, for 66 cents. For the marbles he gave 1 cent 
each; for the tops, 2 cents; and for the balls, 10 cents. 
How many of each did he buy ? Ans, 5 of each. 

2. A grocer bought 5 boxes of raisins and 8 boxes of figs 
for $9. The raisins cost double as much per box as the figs. 
What did he pay for each ? Am, $1 a box for raisins, and 
50 cents a box for figs. 

3. Two men, 525 miles apart, begin at the same time to 
travel toward each other, one going 35, the other 40 miles 
a day. In what time will they meet ? Ana, 7 days. 

4. What number multiplied by 5 gives a product as much 
greater than 30 as the number itself is less than 30 ? , 

Am. 10. 

5. A and B travel from the same place in the same direction, 
A having 6 hours start. A goes 2 miles an hour, B 4 miles 
an hour. In what time will B overtake A ? Ans, 6 hours. 

NoTB. Let X stand for the number of hours B travels to overtake A. 
Then z -j- 6 stands for the number of hours A travels. 
Now (x -f 6) X 2 stands for the number of milds A goes. 
And X X 4 stands for the number of miles B goW./ 

6. Out of 77 books, a certain number were sold, when there 
remained 3 more than were sold. How many were sold ? 

Ana, 37 books. 

7. Two men are a certain distance apart. They travel 
toward each other, one starting 3 hours before the other, 
and going 4 miles an hour, the other going 6. When they 
meet, it is found each has travelled the same distance. How 
long did each travel ? Am, The first travelled 9 hours ; 
and the second, 6 hours. 

8. Three pears, four lemons, and five oranges cost 43 
cents. A lemon cost 1 cent more than a pear, and an 
orange 2 cents more than a lemon. What was the cost of 
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each f Ans. A pear cost 2 cents ; a lemon, 3 cents ; and 
an orange, 5 cents. 

9. A, B, and C have $400 among them. A has as much 
as B and C together, and B has 3 times as much as C and 
$4 besides. How much has each ? Ans. A has $200, B 
has $151, and C has $49. 

10. .^V^hat number exceeds its sixth part by 20 ? Ana, 24. 

11. Divide $100 between A and B so that A shall have 
$20 more than B. Am. A must have $60 ; and B, $40. 

12. Divide $600 among A, B, and C, so that B shall have 
$30 more than A, and C $120 more than A. Ans. A must 
have $150; B, $180; and C, $270. 

13. Find two numbers whose sum shall be 60, and the 
first 3 times the second. Ans. 45 and 15. 

14. Find two numbers whose sum shall be 20, and their 
difference 8. Ans. 14 and 6. 

15. At an election the number of votes polled for two 
candidates was 1310. The successful candidate had a ma- 
jority of 262 votes. How many votes had each ? Ans. One 
had 786 votes ; the oth^- ;, 524. 

16. Divide .S4$"^)|:j9tween A, B, and C, so that B shall 
have $1000 more than C, and A $1000 more than B. Ans. 
A must have S2500 ; B, $1500 ; and C, $500. 

17. In a certain company of 245 persons, there were 36 
more women than men, and 101 more children than both 
women and 'men. How many were there of each ? Ans. 18 
men, 54 women, and 173f children. 

18. Divide an estate of $6000 among a widow, her two 
sons, and her four daughters, giving each son twice as much 
as a daughter, and the widow $2000 less than all her chil- 
dren together. Ans. The widow must. have $2000; each 
son, $1000 ; and each daughter, $500. 

19. In a certain kind of military gunpowder, the charcoal 
and sulphur are each ^ of the nitre. How much of each 

6* E 
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ingredient is there in 800 lbs. Ans. 600 lbs. of nitre, 100 
lbs. of charcoal, and 100 lbs. of sulphur. 

20. A man wished to enclose a piece of groundb^a njim- 
, ber of palisades which he had. He found that if he set 

the6 a foot apart he would have too few by 40 ; but if he 
set them a yard apart he would have too many by 60. How 
many had he? Ans. 110 palisades. 

NoTB. If he Bet them a foot apart, he would require 8 times as 
many as if he set them a yard apart. Let x be ^ number he had ; 
2 -}- 40 the number required for setting them a foot apart ; x — 60 
the number required for setting them a yard apart. 

21. If a certain square piece of ground had been 5 feet 
A longer and 6 feet wider, it would have contained 225 more 
j^ square feet than it does. How many does it contain? Ans. 
"^400 squai'S'^et. 

NoTB. Let X z= its side ; then z> •= its area. It x-\- B were its 
side, (x + o) {x -{- 6) would be its area. 

22. If you add 16 to a certain number and multiply the 
sum by 3, the product will be 15 less than 6 timeft Ibe num- 
ber, ^hat is the number ? Arts, 31 » 

23. Divide the number 267 into two such parts that the 
greater diminished by 27 shall be 3 times the less. Ana. 207 
and60.f 9 

24. If B gives A $100, A will have 5 times as much as 
B. Both together have $360. How much has each. Ana. 
A has $200; and B, $160. 

^ ^ 25. Whait number is that from which 9 being subtracted, 
and the remainder multiplied by 13, the product will be 
^17? <Ans. 18. 

26. If the sum of a certain number and 9 be multiplied 
by 6, the result will be the same as if the sum of twice the 

si^ number and 3 be multiplied by 8. What is the number? 
^^na, 3. 

27. !two persons, A and B, invest equal sums of money. 
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A gains S700, and B loses $400, when A's money is double 
B's. What did each invest? Ana. $150©*. 

28. A man goes to a tavern with a certain sum of money ; 
spends $3; then borrows as much as he has left; again 
spends $3 ; then boi^rows twice as much as he has left ; again 
spends $^ and has nothing left. How much had he at first? 
An8.$&^ • CX.Tf 

29. A^man goes to a tavern with a certain sum of money ; 
spen^ $3 ; then borrows as much as he had at first ; again 
spends $3 ; then borrows twice as much as he had at first ; 
when he has $2 less than 3 times as much as he had at first. 
What had he at first? Ans. $4. 

30. A man goes to a tavern with a certain sum ; spends 
$3 ; then borrows as much as he has left ; again spends $3 ; 
then borrows as much as he has left ; again spends $3 ; and 
again borrows as much as he Kas left ; when he has $6 more 
than twice as much as he had at first. What had he at first? 
Ana. $8. 
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fSECTION X Vlf^ 
Division. The Signs -f and — . 

HrvisiON is the process of finding how often one quantity, 
called the divisor, is contained in another, called the dividend. 
The result is called the quotient. 

It is the reverse of multiplication. The divisor multiplied 
by the quotient must always produce the dividend. 

If we divide 12 by 4, the quotient is 3. 12 -5- 4 = 3. 
We may divide + 12 by + 4 or by — 4 ; we may also di- 
vide — 12 by + 4 or — 4. Remembering that the divisor 
multiplied by the quotient produces the dividend, we may 
find what sign the quotient must have in all the cases. 
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divisor 
Divide + 12 by + 4. The quotient is + 3, because + 4 
quotient dividend 

multiplied by + 3 = + 12. 

divisor 

Divide + 12 by — 4. The quotient is — 3, because — 4 
quotient dividend 
multiplied by — 3 = + 12. 

divisor 
Divide — 12 by + 4. The quotient is — 3, because + 4 

quotient dividend 

multiplied by — 3 = — 12. 

divisor 
Divide — 12 by — 4. The quotient is + 3, because — 4 
quotient dividend 
multiplied by + 3 = — 12. 

Here we see that when the dividend and divisor have like 
signs, the sign of the quotient is +; and when they have 
unlike signs, it is — •. 

The same reasoning will apply to any operation of division. 
Hence, whenever we divide one quantity by another, like 
eigne give +, and unlike signs give — . 

Note. Examples in Division may be proyed by multiplying the 
diyisor by the quotient. The result should be the same as the diyi- 
dend. 

EXAMPLES. 

1. Divide + 9 by + 3. Ans. 3. 

2. Divide + 9 by — 3. Ans. — 3. 

3. Divide — 9 by — 3. Ans. 3. 

4. Divide — 9 by + 3. Ans. — 3. 

5. Divide + 27 by — 9. Ans. — 3. 

6. Divide — 27 by + 9. Ans. — 3. 

7. Divide — 6 j; by 2. Ans. — 3 a?. 

8. Divide — 6 x by — 2. Ans. 3 x. 

9. Divide — 4 a by 2 a. Ans. — 2. 
10. Divide — 63 y by 9. Ans. — 7y. 
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11. Divide 63 y by 9y. Ans. 7. 

12. Divide 63 1/ by — 9y. ^ Ana. — 7. 

13. Divide — 63 y by — 9 1/. ^ ' \^ ^^- '^• 

14. Divide 3 oc by ac. ^ , ' -4n«. 

15. Divide — 25 ar by — 25. ^ ^ • . Ana, x. 

16. Divide— 42 c by 42. ' * '' -^^- ~^- 

17. Divide 12xyhj — xy, * ' » / -4^' — 12. 

18. Divide — 14 a6 by — ah, * - . Ana, 14. 

19. Divide 22 a by — 22. ' ' \ .. • ^rw. — a. 

20. Divide —72 by 12. Am. —6. 



SECTION XVIII. 
Division. Letters without Indices. 

It must be remembered that letters stand for numbers, 
and that writing them together indicates multiplication. 
Thus ao is the product of a and c. If a stands for 5 and c 
for 4, OG must stand for 20. 

* If we divide the product ac by a, the quotient is c. If we 
divide ac by c, the quotient is a. 

So, xy -^ X — y\ and ary -f- y = a;. 

Also, npa; -r a? = np ; wpa? h- ^x = n ; and wpx -r- na? 

Thus we see that to omit one of the factora of a term ia to 
divide by that factor. 



EXAMPI-ES. 


i 
Ana. 0. 


1. Divide abc by ab. 


2. Divide 8 oAx by ab. 


Ana, 8ar.*^ 
Ana, 2x, 


3. Divide 8 abx by 4 ab,. 


4. Divide — 8 abx by — oft. 


Ana. Sx.. 
Ana, l.f 


5. Divide c(^ by cd. 


6. Divide — cd by — cd. 


Ana. 1. 



Tf. 
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7. Divide — edhj + cd. Ana. — 1. 

8. Divide aa by a. Ans. a. 

9. Divide 4aahj a. Ana. 4 a. 

10. Divide 4 aaa by — a. Ana. — 4 oa. 

11. Divide — 7 aaaaa by — <ma. Ana. 7 aa. 

12. Divide 24 oaoxx by — 6 ooo?. ^n«. — 4 ax. 

13. Divide — 12 ccccccy by 4 cc. Jlrw. — 3 ccccy. 

14. Divide — 50 xxxxxxx by 5 xxxx. Ana. — 10 xxx. 

15. Divide — 10 ahyyyyy by — 5 ahyyy. Ana. 2yy. 

16. Divide 17 a66fet/y by — VJhhyy. Ana^ — ah. 

17. Divide — 9 aaxxx by 3 a^ix. Ana. — 3 xx. 

18. Divide 20 aaaccc by 5 aaaccc. Ana. 4. 
Divide 14 abxy by — 14 abxy. Ana. — 1. 
Divide — 10 cw by — 1. Ana. 10 en. 




jSLko<^ 
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Division. Monomials with Indices. 



We have seen that xxxxxxx -r xxxx = xxx. The same 
thing may be expressed thus, aj' -r- a?* = a;'. The exponents 
or indices, 7, 4, and 3, only show how many times x is taken 
as a factor. And, as division is the reverse of multiplica- 
tion, it must be as many times a factor in the quotient, as 
the number in the dividend Uaa that in the divisor. Hence, 
miA povjera of the aame letter , aubtf€ket4he exponent in the di- 
visor from that in the dividend. The remainder will be the 
exponent of the same letter in the quotient. 

It is necessary here to observe that any power which has 
for its exponent is equal to 1. This is shown by dividing 
any power by itself. For instance, divide x^ by a?. Sub- 
tract the index of the divisor from that of the dividend, and 
we get 0. Hence, x' -r a* = r A Bu t wekacrtflhat any- 
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;' thing will go into itself once. Hence, x' -r a:^ =1. There- - 
f fore, af^ must be equal to 1. In the same way, a° = 1, nP 
= 1, any power which has as its exponent is equal to 1. 
So, when we divide a6V by a6V, we may set down the quo- 
tient a®6V, which is the same as 1 X 1 X c*, or simply c" ; 
for when 1 is a factor it need not be expressed. So, again, 
24a«6Vd«e» -^ 4a»6Vd* = 6 a»dV. 

J 

EXAMPLES. rw 

^1. Divided by ccl X , ^jTNiN^^ Ana. a!*. 

/2. Divide^^by — 3a;\ \) Am. — 3ar*. 

C 3. Divide — a: 'by a;". Ana. — a". 

>|^4. Divide — a^ by — x*. Ana. x. 

S5. Divide — x^ by a?*. Ana. — a?*. 

/^. Divide Ta;" by x». Ana. 7afi. 

/^7. Divide 6 a'ai* by — aV. Ana. — 6 ax\ 

/J^. Divide— a^x'y by— a*a;8y. Ana. x. 

4^. Divide 11 a^xy^ by — a\ Ana. — 11 a^xy\ 

410. Divide 15 x^V by bx^z. Ana. 3 i/»z. 

11. Divide — a^c«(f by — a^c'd?. Ana. a^&d\ 

fn. Divide 24 aVcP by 8 aVd». J[rw. 3 av! 

;|^3rDivide l&^ft^^by — 6 aa?y. ^n«. — 3 axy. 

9lJ4. Divide — 10 aVy^ by ^ 2 aVy.V Ana. 6 ay. 

^15. Divide — 14 m^nYcf by 7 m^np\\ Ana. — 2 wnY- 

pL%. Divide — 10 a;^i/^2« by — 5 xi/^. + ^ns. 2 a;y. 

^17. Divide 12 a»6»c*c^^ by — 4 a?h''d\^ Ana. — 3 c*. 

/flS. Divide — 16 a^¥(?d by 16 aVd. •* Ana. — ¥c. 

J 19. Divide 19 a^b^x^y by — 19 c^x^-^ Ana. — a'h^y. 

^20. Divide— 4 ar».v»2^ by— ary^ ' Ana. 4:Xyz\ 

l/l\. Divide — 16 fq'i^i^t by fqr.^^ Ana. — 16 qr'i't 

^2. Divide 9 ay^V by 9 op'^i^^ Ana. a^^ 

V23. Divide — 21 m^m'n^ by — 7 A»AW.xv ^^w. 3 

y24. Divide 82 aV^^ by — 8 a'hr.cSS Ana. —^ a*^r. 

J25. Dividel5mVa7y by5m»ny.Q , Ans. ^m'nx^ 

26. Divide — 12 a»6Vrt[^ by — 4 a^icP.''^ ^ri^. 3 oi&V. 
gL Divide — 25y(?V«»«^V by 52?»^««,— ^n«. — 5 «Ptt». 

"^ 
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-^8. Divide — 24 w»vwV by — 8 uwP. Ana. 3 uy. 

J 29. Divide S9fYh'k by 13/»M.a,^ ^n^. 3 ^A*. 

/30. Divide 49 hkp^ by — 7 ApV^ ^?w. — 7 A^^g. 

f-^ 31. Divide — 63 x'^yz^u by 7 xyzu.^ Am. — 9xz. 

elt 32. Divide — 21 ar»a6*c by 3 x'ah. ff^ Am. — 7 ¥cx. 

^^3. Divide 93 m^ya^xh by — 31 m^ax. g J[?w. — 3 a%. 
''^ 734. Divide 81 a^y^oi^c^ by 9 ya'arc. ^ ^ Am. 9 a'c^Y 
l35. Divide — 18 x^ay^d by — 2 xdax^.tL Am. 9 ar'y. 

^^36. Divide — 24fxga by — 3/a7. d' / ^ Am. 8 a^. 

87. Divide —12/»^Va by Vip^a^4j Am. —1. 

^mmJ^8. Divide 16 m^/ipg by — 4 w^np. ^ -4n«. — 4 m'^. 

^4J9^9. Divide 12 a»a:c'6 by 3 aa?6c. ^ ^m Am. 4 aV 

^AO. Divide — 33 (^aaf'm by 11 ac^a^. fi Am. 3 w. 

When any index in the divisor is greater than the corre- 
sponding one in the dividend, it is best to set the divisor 
under the dividend in the form of a fraction, and cancel all 
common factors, that is, dimde as far as can be done. To 

divide aV by a\j, we set down ^^' and cancel a' and c in „ jr>or^ , 
both numerator and denominator. The result is - . VJ [/yy\Jlj L^, 

^. Divide 12 o»6V by 6 o«6'x. Ant. — . 

42. Divide 13 aVz' by — 25 ayj*. ^»i«. — i|^. 

9x2^ 

43. Divide — 9 x^y^sl^ by 4 ay*^. -4?w. — t . 

14 n' 

44. Divide 14 mVx* by — 3 m^na^. Am. s — rr. 

•^ - 3mV 
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V 



5b'c* 



45. Divide — 7 a»6 VcPe» by 35 a'lfic\ Am. 

46. Divide — 93 c^x^c'd by — 36 ai'd^. Am. , ^ „^. 

•^ 12 dV 



31 a'^c' 
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• 47. Divide 21 mVgV by 35 mV. Arts. ^ 2. 

11 CMP'v' 

48. Divide 33 a^^^m^a^ by — 63 a?m*a». ^iw. oTwT 

49. Divide — 27 ai^my by 36 m't/^*. ^»m. — ^^• 

60. Divide 13 a6c(2e by — 26 ease. Ana. — „= — . 

•^ . 26 a? 

61. /Divide 14 a*'a^zV by — 36 ct?z^q. Arts. — =— r — . 



62. Divide — Ibf^^ by — 6/ym. Ana. J^. 

21 a?* 

63. Divide — 21 a^y^^w by 66 z't/'w. -4?m. — ^^-j. 

19^2* 

64. Divide 19 w;Vi; by 23 tt*ii;'. -4n«. kft-T' 

^ 23 li* 

66. Divide 12 o^&hY by — 34 &h\ Am. — ^^. 

94. /tSM/*s 
66. Divide 24 a»6V by 13 d. ^n*. ^* " ^ ^ 



671'x 
67. Divide — 18 m'nVjo by — 21 m*«^. Am. ,=—^ . 



13 (i 

6?^ 
7m» 



68. Divide — 19 y^x by — 19 /^a?. -4n5. -. 

3a 

69. Divide — 16 06 by 60 b\ Am. — j^. 

V J 
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60. Divide 18 abed by — 21 c»d*. Ana. — rf^^ 

4^ 

61. Divide — 36 rVf by — 45 t'^x. Ana. g^^^. 

2ra¥ 

62. Divide Z4 p^qra^ by blfifV'a^. Ana. 



Zp'^qa^' 



63. Divide — 48 a^fz" by 135 mVy'^'. ^rw. — ., . , . 

64. Divide — 12 i;*w«**x by — 16 c^vj'x. Ana. ^^ . 



65. Divide 49 afy'm^n^ by — 7 aAnV. ^tw. 



m'n" 



12wV 
6Q. Divide — 60 rn^Vy^ by 125 m^. Ana. — ^^ • 

67. Divide 25 /A»A^ by 35 h^'^k. ' Ana. ^^. 

13 

68. Divide — 13 cc'y^z by — 3 a^ci^y^z. Ana. -q— ,. 

* 69. Divide 15c*dV/by 2b^eJ<?. Ana. g-p. 

70. Divide — 33 a^if'^Ni, by — 33 a?y2%i. Ana. - 
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SECTION XX. 

rvCivision of a Polynomial by a Monomial. 

When the dividend contains several terms and the di- 
visor only one, each term of the dividend must be divided. 

Problem. Divide 34 c^a^y — 12 a^xy + 3 xy^ by 2 a^xy. 
Operation. 2 a^xy ) 34 a^a^y — 12 a^xy + 3 an/* 

37~ 

17cw?* — 6 + . 

2a» 



EXAMPLES. 

1. Divide ax + bx + cxhj x. Ana. a + h + e. 

2. Divide — 9a?V + 6a^y — 3 j:^ by —Zxy. 

Am. 3 a? — 2 x' + a?. 

3. Divide 20 ©V — 45 a^cx + 10 a'a;^ by 5 a\ 

Ana. 4 c* — 9 car + 2 oxy. 

4. Divide 16 a% — 9 aV + 12 aV/ by 3 aV 

-4rw. 6 a6 — Zcy* + AiO^xf'. 

5. Divide 36 a'J Vy — 16 xV — 20 a^xf' by — 4 ^c'y. 

Ana. — 9o'ft' + 4ar»2/ + 5 a;/. 

6. Divide 4 aV + 7 aV — 9 a^a^ by — ax». 

Ana. — 4 007 — 7 a V + 9 c^x*. 

7. Divide ^d^a^m^ —SaJ'bx^m^ + 10 a^c.-c'm' — .4a»rfxV 
by2aVw«. J[m. 3a— 4fe + 5c— 2d 

8. Divide — 15 aVy* — 9 aVy', + 6 aVy* by — 3 aVyl 

^rw. 5y* + 3a;»— 2a*. 

9. Divide 75 aVar" + 25 aVa? — 15 acVyz by 5 c»ax. 

^iw. 15 acx + 5 oc — 3 x^yz. 
10. Divide 6 a^cm — 9 a*cm' + 12 a*(jm« by — 3 a»c. 

^TW. — 2am + 3 am' — 4am*. 
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11. Divide 7 ac^x + 7 cu^y —7 cu^z —7a^d by 7 (uf. 

Ana. X + y — z — d. 

12. Divide 45 anM — 27 amV + 63 mWy by 9 mV. 

Ana. 5am — San + 7nV 

13. Divide S6p'qW —72 p'q'r^ + 8^pq^rx' by — 12|>^. 

Ana. —Spr^ + 6pre—7rx*. 

14. Divide 42 am^r'at^ — 63 6cV«f + 105 r'aVa: by — 21 r****. 

Ana. — 2 om» + 3 be" — da'x. 

15. Divide 126 aVy — 30 a»6Vy + 18 oxy by 6 x'y. 

Am. 21a* — 5a»ft» + 3(w:y. 

16. Divide 49 vwV — 35 tm;» — 2 x^yvi" by 7 vx». 

. « , 5«;» 2ii/*t/ 

of 7 vx 

17. Divide 63 e'fy + 27 ey»:c»z — 7 e»/r» by 9 e/r». 

Ana.l^ + S^ra^z-1^ 



x' 



9 



18. Divide 32p<fra —32 cpV — 48pV^ by — 16^gV. 

Ana. —2q'a + ^ + 3^. 

19. Divide — 18 a»y + 16 y« + 27 aV^ by — 3 a^y. 

16 v" 
Ana. 6 a o--i» — 9 ^V^- 

20. Divide — ahcx + aba^x* — ic by — abcx. 

\ Ana. 1 — ex -{ » 

^ ax 

21. Divide 5aVa7' — 7ax'y + 3 z^cd by a'cV. 

. ^ 7arV . ^dz' 

Ana. 9e ^ -4 — 5 — 5. 

cur a^cx^ 

22. Divide — 21/^^^ + 7fg — 5fg' by — Sfgh. 



EliE 



MBNTAje^ a: 



/ 



u6 



EBR^ 



/ 



.,-^' 



23. Divide 4y^cx — 2j>V — y^ by 2px, 

2cy' 



Ans, 



P 



— pV — 
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2j>x' 



24. Divide 20 aVz + 16 aWz^ — Smnb by 5aVz. 

16 2 3 bmn 



Ans. 4 a*a?' + 



5n^ da^x'z' 



25. Divide 36/j:'c —5rVx + 63/'xV by 21/»x«c. 

. 12 5rV , ^^^ 
^^*- 77-21?^ +^^^^- 

26. Divide 36 am't*' — 54 z'a + 34 x^ by — 18 2^am. 

' Ana. —2mz-\ ^-r. 

27. Divide 16c»/x* + iO&faf'if —Zpc^x^z by 4cyx». 



-4n«. 4 ca: + 5 a^x^y — 



3 cjxz 



^ 28. Divide 18 amix!^ + Qfn,—lb aVx^y by 5 aWx. 

18^ 
5 am' ~^ 5a^rr^ 



A 1^^ . 9 



^. Divide 32 alede — 5 a'ajcd + 3 e» by —2 abode. 

5ax 3e8 



^7W. — 16 + 



26e 2a6cd* 
30. Divide 25 a«(Pe'a? + 21 a;*ci — 30 a'dea^ by 5 a'dex. 

Ans. 5 o'de + -= 6 aa^. 

oex 



9 

396 



9SG 
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SECTION XXI. 

Revie-w of Subtraction. 

Before proceeding any further in division, the student 
should make sure that he has fully mastered subtraction. 
The following examples are intended to afford exercise in 
such difficulties of subtraction as are likely to be met with 
in division. 

1. From a* + 2 00? ta^e a* + ax. Ana. ax. 

2. Prom a' + 2 oa? + J?* take a* + ax. Ans. ax + x\ 

3. Prom a* — 2 ow? + x^ take a' + ax. 

Ana. — Sax + x\ 

4. From a' — 2 ax + x^ take a' — ax. Ana. — ax + x\ 

5. Prom ox + a:' take cw; + x\ Ana. 0. 

6. From — ax + x^ take — ax + a^. Ana. 0. 

7. Prom 6aV + 4tax^ + x* take 6 aV + So^. 

-4n«. oar* + os^. 

8. From — So^x — 5oV + Soar' —a:* take — 8a»a; + 

3 aV — 3 ax» + 6 a?*. Jlrw. — 8 aV + 6 ax» — 6 a:*. 

9. From — 6a?V — 3a;y\— 22/» take —6oA/ —2xy^ 

— 4^*. J.n«. — xi/^ + 2^'. 

10. From —5x^i/ + f take — 6wrV + 10 x^y\ 

Ana. — 10a;'y + /. 

11. From tf* — 4a'a; + 6aV — 4aa:» + a* take a* — 2a'a: 

+ aV. ^7w. — 2a».r +'5aV— 4aa;» + ^. 

12. From — 2a»a? + 5 a V — 4ax» take — 2a»a; + 4aV 

— 2 aa^. Ana. a^x^ — 2 aa^. 

13. From aV — 2 aar» + a?*^ake aV — 2 oa;* + a?*. 

J[n«. 0. 

14. From — xy -|/i/* take — a;V — ^2^' -^'W- ^2^ + ^• 

15. From ari/* + y* take art/* + y*. -4?w. 0. 

16. From —Aax + 6a?' take —4 ax — 9a;« + y. 

Ana. 16 a?' — y. 
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17. Prom — 40a»6 + bl a'h^ + 4a6» — 15 ft* take — 40a»6 

+ 32 a^h^ + 24 ab\ Ana. 25 a^b^ — 20 aft» — 15 h\ 

18. From — 2a»6 —Za^¥ —^ab^ + 46* take —2a^b 

— 4 a^ft' _ 8 ah\ Am. aV + 2 a6» + 4 b\ 

19. Prom — 5a*6' + 16a6» —4ft* take — 5a»ft* —4ft*. 

^rw. 16aft». 

20. From 6a6» —6 oft* + 4a6* take 6a6' —4 aft*. 

^iw. —5 aft* +'8 oft*. 



SECTION XXII. 

Division of a Polynomial by a Polynomial. 

When both dividend and divisor have several terms, the 
process is much like long division in Arithmetic. 

Problem 1. Divide ex + bxhj e + 6. 

OPERATION. 
divisor dividend qttoiient 
c + b)cx + bx{x 
ex + bx 



Explanation. The first term, c, of the divisor, is con- 
tained in the first term, ex, of the dividend, x times. Mul- 
tiplying the whole divisor by J?, the product is found to be 
ex + bxy which we subtract from the dividend, and find no 
remainder. 

Problem 2. Divide mx + my — ex — eyhy x + y, 

OPERATION. 

X + y) mx -f my — ex — cj/ ( m — c 
»u? + my 

* V — ca? — ey 

— ex —ey 

Explanation. Here x goes m times into mx ; hence we 

TA \/ \ U \k/ 



Y^ 
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set down m in the quotient. We then multiply the whole 
divisor by Trt, and subtract the product from the dividend. 
The remainder is — ex . — cy. This also must be divided by 
a? + y. We see that x goes — c times into — ex ; hence we 
set — c also in the quotient. Proceeding as before, we find 
no remainder. 

Problem 3. Divide — 3 a'a; — a^ + 3ax^ + a' by a' 
+ a:' — 2ax. 

OPERATION. 

a*—2ax + j:^)a»— 3a*x + 3 ax» — ar» (a — a: 
a' — 2 a^x + ax* 

— a^x + 2aa^ — a^ 

— a^x + 2ax^ — oc^ 

Explanation. In this problem, the only letters are a 
and X raised to various powers. One of these letters should 
be selected, and both dividend and divisor arranged so that 
the highest power of that letter comes first, then the next in 
order, and so on. This is for convenience. In the forego- 
ing operation, the terms are arranged according io the powers 
of a. In the divisor, we begin with the second power of a, 
next comes the fii-d power, and finally a term without a. In 
the dividend, we have the third power, the second power, 
and the first power of a, and also a term witliout a. The 
process of dividing is the same as before. 

Let us now perform the same example, arranging the 
terms according to the powers of x. 

operation. 

of —2 ax + a')— ^ + Sax^ — Sa'x + a» ( — a? + a 

— a^ + 2ax'* — a^x 

ax* — 2 a'x + a' 
ax^ — 2 a'x + a* 

Note. It will be observed that the quotients, a — x and — > + ^> 
are precisely the same. 
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Problem 4. Divide a^ — v^hj x — w. 

OPERATION. 





-vf 















Explanation. In the dividend, the fourth, third, sec- 
ond, and first powers of x are wanting. Space has been left 
for them in the operation. 

Problem 5. Divide o(? + 't^hj x + y. 

OPERATION. _ 

x—y)3f + j/'Ca' + ay 4- j/» 

a? — x^y 

xf + '^ 
^/ — 2/* 

2 2/* remainder. 

Explanation. The quotient may be completed by a 
fraction whose numerator is the remainder and whose de- 
nominator is the divisor. The full quotient is a:' + ajr 

F 



<J1 
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Pboblem 6. Divide 1 by 1 + ^. 

OPERATION. 

l+a:)l (1— a: + x«— ar' + a?*. 

1 +x 







X' 

' .^ ' jr* + ^ 

— x^ 


-x" 


^•x 


a* 

x* + sfi 



ExPLAKATiON. This operation may be carried as far as 
we please in the same way. When we have carried it as 
far as desirable, the quotient may be completed as in Prob- 
lem 5th. Observe that its sign is — in the above operation. 

a* 

The full quotient, then, is 1 — x + x^ — a^ + x^ — • 

1 -}- X 

EXAMPLES. 

1. Divide a^ + 2ax + a^hj a + x. Ans. a + x. 

2. Divide a' — 2 ax + a:* by a : — x, Ans. a — x. 

3. Divide o' — x' by a + x. Ans. a — x, 

4. Divide m' — n' by m — n. Ans. m + n. 

5. Divide ac — he — ad + fed by a — h. Ans. e — d. 

6. Divide — r' + «* by — r + s. Ans. r + s. 

7. Divide a* + 2 aV + ar* by a» + x\ Ans. a^ + x\ 

8. Divide s^ — t^ hj x — y. Ans. ai^ + xy + y. 

9. Divide .t* — y*hj x — y, Ans. a^ + a^y + xy"^ + i/*. 

10. Divide a» — &• by a — h. 

Ans. a* + o*fe + o»6' + a^¥ + oft* + h\ 

11. Divide a« — 3 a'h" + 3 a^fe* — fe« by a» — 3 a^h + 3 aV 
— h\ Ans. a» + 3 a^fe + 3 ah^ -f h\ 



ELEMENTABY ALGEBRA. 

12. Divide m' + m^n + mn^ + n' by m + n. 

Ana. m' + v^ 

13. Divide m* + m'n + mn^ + n* by m + n. 

-4n«. m* + n'. 

14. Divide a' + 1 by a + 1. uirw. a' — a + 1. 

15. Divide 2/® — yhyy' — 2/* + y" — V' ^'^- 2/* + !• 

16. Divide ^»« — 1 by 5' ~ 1. Ans, b^ + b^ + b' + 1. 

17. Divide 36 a^ — 36 5^ by 9 a — 9 b. 

Am. 4a« + ia'b + 4a'b' + 4a»ft» + 4a*6* + 4a5'^ 

+ 4b\ 

18. Divide «» — 256 by a;» — 4. 

Ana. a;« + 4a?* + 16 a?' + 64. 

19. Divide 16a?* —81 y^ by 2a? —3 y. 

Ana. 8 a;» + 12 a?V + 18 xy^ + 27 i/*. 

20. Divide 16a* + 8a + 3by 4a'— 4a + 3. 

Ana. 4 a' + 4 a + 1. 

21. Divide 81a:* — 81 a?» — 36 art/ — 4 1/^* by 9 cc' + 9x + 

2y. ^rw. 9x^ — 9x — 2y. 

22. Divide 64 d« — 128c»(i» + 64 (i» by 2 c — 2 A 

^rw. 32c» + 32c*d + 32c»(f — 32c'(i»— 32cd*— 32d» 

23. Divide 18 xy — 15 a?y + 2 by 6 at/ — 1. 

uirw. 3 xy ^^- ^ 

2 v^ 

24. Divide a?* + y' by x + y. Ana. x — y H ^—* 

x + y 

25. Divide a?* + y* by a? + y. Ana. a? — xy -{- y\ 

26. Divide x* + y^hj x + y. 




X + y^77- V. 

27. Divide aj* + a» by aj + a. \' ^2 

Ana. a:* — aa^ + a^x^ — c^x + a*. — j — 

28. Divide o^ + J« by a + 6. fs^^ 

Ana. a^ — a'b+ aV —a'b' + a6* — 6» + ^^ . f^ 

' 29. Divide c» + (P by c + d. 

Ana. & —&i + &6f — &6f + eif^ — ceP + d». 
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30. Divide m* + n* by m + n. Arts, mf — m^n + mV 

j — mV + mV — mW + mn* — »i* + . 

/ j m + » 

31. Divide 96 af'y' + 12 af^y" — 24 aV — 48 a^y» — 6 xy 
; + 12ay'by6a;*t/ — 3ay. 

J[»w. 16arV + 2a:3/»— 4/. 
J^-- 32. Divide 32 —80 a? + 80x» — 40x» + lOrc* —a;* by 4 

/^_^>^3j^jarvide — a«6« + 1 by — a»ft» + a*ft» —oJ + 1. 

Lf^^ ^»w. a*ft* + a*6* + oft + 1. 

^ 34. Divide 312a;*i^' — 32a:»2/« + 20 j;»y* — IGOa^y + 88 
xy — 12 xy by 12 x^y + 8 xi/' — 2 x^. 

JlfW. 26a:V — 20a:3^ + 6a;y. 

35. Divide ^y — 9 ay — 8 y* by xY + 2 ary» + i/». 
^?w. a;y —23^y^ +3 a;*y* — 4a?*y» + 5 x^y* — 6 a^y 

-\-lxy''^%y\ 

36. Divide 243 mV — m^«n«» by 81 m*»* + 27 mW + 9 
mV + 3 m V + mV. ^7W. 3 mn — m V. 

37. Divide a» — 6» by a + 6. 

-4»w. a' — ah + 6' • 



a + b 

38. Divide 1 — 2a7« by 1 + «. Am. 1 — a? — ^-i — 

39. Divide a:' by a; + y. Ana. x — y + ^^ — 



x + y 
40. Divide l + 4a;byl— 6 a?. 

Am. 1 + 10a + 



l-6a; 
41. Divide a:» + 3a?* by a?' — 2a? + 1. 

An8, X + + 



a?» — 2a; + 1 



42. Dividel32— 44a» — 24a+ 3a» + ft' by 6— 2a". 
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43. Divide 56 f—Uy — b^ hj7y — b. 

44. Divide 16^ — 96x« + 40aJ —240 + ar* + 2/^ by 2a; 

_12. ^„,. 80.. + 20 + ^±^2- 

45. Divide ar* + y* + 2* by a; + y. 

X + y ^ 

. 46. Divide 20a'6 — 25a» —186' + 27a6'by — 5a + 66. 

Ans. 5 a' + 2 a6 — 3 6». 

47. Divide 3a?y + 48 (fcPx" 4" 5 c»a:y + cy' + 16V(P 
>» —d<^x—16c'd'y—^—15i}'x'hjo — y + Bf. 

y^ Ana. 16c'(P—5c'x+y\ 

48. Divide —9oy + 25 oV by 5a»2/ + 3 a^. . 

ulrw. 5a?y — 3aV 

49. Divide —3 cd* + 4c»(i — 9c'(P + 6c* + 2 d* by — cd 

+ 3c'— 2d^ J[n«. 2c' + 2cd— eP. 

50. Divide 12a:V + 5^ —S2xy + 48x* — 3yVby 4a:» 
— /. Ana. 12x^ — dy' + Sz\ 

51. Divide a + 6 by a + 6. Ana. 1. 

52. Divide ay + by' '\- ax + bx \ij a + b. Ana. y + x. 

53. Divide 6 c*x» — 16 c»a?»y — 56 cVy' + 18 a^y^ by 2 c'a? 

— 8 ca7»y — 6a?»2/'; ^m. 3 c'a? + 4 cx^ — Sxy. 

54. Divide x* — 2a;» + 3a:» — 3a;^ + '3ar* —3a:' + 3a;* 

— 2a;+ Ibya?'— « + 1. 

Ana. a® —a:* + a?* — ^ + ^' — a? + 1. 

55. Divide 1 by 1 -r a? + a;'. 

^ -irw. 1 *+ a; — a:* — ar* + «• + a;* -^ &c. 

56. Divide 1 + 6x by 1 — 2a?. 

Ana. 1 + 8a; 4- 16a;^ + 32x» + 64a;* + 128a;* + &c. 

57. Divide 1 by 1 — 4a7. 

Ana. 1 + 4a? + 16 a;' + 64a?» + 256a?* + 10240;* + &c. 

58. Divide 1 + 7 a? by 1 + 6 a;. 

^ I Ana. 1 + a? — 6 a;' + 36a?» — 216 a;* + 1296 a?* — Ac. 
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59. Divide 3«* — 8 a;»y» + 3 x V + 5 y* — 3 t/V by o^ 

— f. Am, 3 a;* — 5y» + 3 2*. 

60. Divide 4rc«— 25xy + 20ay — 4j/« by 2a^ + 5ari/« 

— 2^*. J[n«. 2 x» — 5 ary' + 2/. 

61. Divide 6 a:»t/ — 12 xyz + 6 yg' by 2 xy — 2 i/z. 

Am, 3x — 3 z. 

62. Divide m' — wur — x — Ibym — x — 1. 

Ans. m + 1. 

63. Divide 4p« — 25pV + 20 j9^ — 4g« by 2p» — 5pg' 

+ 2 ^. -4n«. 2p» + 5;?^ — 2^. 

64. Divide ax + ex + ay + bx + bz + by + ez + cy + 
aahj X + t/ + z. Ana. a^+ b + c, 

65. Divide a^b' — 2 o»6» + a*6* by a'6 — a6^ 

Ans. a*b — ab\ 

66. Divide a»6* + aW + a^b + ah" by aV + ah. 

Ans. a + 6. 

67. Divide — 16a^ + 36xY by 4a» + Qs^y. ' 

JItm. — 4a' + 6a?V- 

68. Divide a* — a» by a* — 1. -4rw. a^ + a*. 

69. Divide 6rc* + 4 x»y — 9 a:y — 3 x^ + 2 2/* by 2a?' + 

2a?y — y*. ^ An8. 3 a?' — ay — 2t/'. 

70. Divide a;^ + 32 a» by x + 2 a. 

^iw. ar*— 2a;*a + 4x'o'— 8xo» + 16a*. 

71. Divide m + n by a' — mn. Ans. — • 

• '' a' — mn 

72. Divide acy — pcy by a — p. Ana. cy. 

73. Divide a + x by a: + a. Ana. 1. 

2x» 

74. Divide n' + ^ by n' — x'. Ana. 1 + -r^-i* 

75. Divide a« — 6* by a«> — 6. 

Ana. a« + a»6 + a'^V + b\ 

NoTi. Examples in Division may be preyed by multiplying the 
divisor by the quotient. The result should be the same as the divi- 
dend. 
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SECTION XXIII. 

Equations with Two Unkno^vn Quantities. 

Problem 1. There are two numbers whose sum is 43 
aud whose difference is 11. Find them. 

Solution. Let x stand for the greater number, and y for 
the less. 

Then, according to the conditions of the problem, 

jr + y = 43. 
And X — y a= 11. 



Adding equals to equals, 2x =54. 

Dividing by 2, a; = 27. 

Putting 27 instead of a: in the first equation, we have "X* 

27 + 1/ = 43. 
Transposing, ^ = 43 — 27. 

y=16. 
Hence the numbers are 27 and 16. 

When we have two unknown quantities, we must always 
have two equations. It will be seen that if we did not know 
the difference of the two numbers above, but only that re + y 
= 43, the numbers might be 40 and 3, or 23 and 20, or any 
others that amounted to 43. When we also know that x 
— y = 11, we can find the numbers to be 27 and 16, as 
above. 

The two equations must also be independent. Thus, if 
they were x + y = 43 and 2 a; + 2 1/ = 86, we would not 
know what the numbers were. They might be any two 
numbers that amounted to 43 ; for twice that amount would 
be 86. The second equation would not be independent of 
the first; for it could be produced by multiplying both 
members of the first by 2. 

When we added the equations x + y =s 4^ and x — y 
■■ 11, we produced the new equation 2 a? s 54, which con- 
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tains but one unknown quantity, x. Thus we eliminated 
the other unknown quantity, y. By subtracting, we might 
have eliminated x. Thus. 

05 + y = 43. 

X — 2/ = 11- 



Subtracting equals from equals, 2 y = 32. 

y = 16. 
The result is the same as before. The method of eliminor 
tion by addition or subtraction will now be further explained. 

Pboblem 2. Given the equations ]5^_3y^ 13 [ 
to find the numbers which x and y stand for. 

Solution. In this case, adding or subtracting does not 
eliminate either x or y, because the coefficients are different. 
Adding, we would have 8 a; + y = 44 ; subtracting, we 
would have — 2 a; + 7 y = 18. Neither x nor y would be 
eliminated. When this is the case, the equations must be 
prepared for elimination. Multiply both members of the 
first equation by 5, and both members of the second equa- 
tion by 3. We shall then have, 

Multiplying by 5, 15 a? + 20 1/ = 156. 

Multiplying by 3, 15 a? — 9 y = 39. 

Now the coefficients of x are the same, and by subtract- 
ing, we may eliminate x. It is easily seen that we must 
subtract. By adding, we would get 30 a; + 11 2/ = 194, so 
that there would be no elimination. Performing this oper- 
ation of subtraction, 

15a; + 20y = 155. 
15 a;— 9 2/= 39. 

Subtracting equals from equals, 29 y = 116. 

y = 4. 
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Putting 4 times 4 instead of 4 y in the first of the original 
equations, we have 3 a: + 16 = 31. 

Transposing, 3 a: = 31 — 16. 

3 » = 15. 
a; = 5. 

Hence, x = 5 and y = 4. 

In the preceding solution, we multiplied the members of 
the first equation by 5, which was the coefficient of a? in the 
other equation. We multiplied the members of the second 
equation by 3, which was the coefficient of x in the other 
equation. We can always make the coefficients of a letter 
the same in this way. If the coefficients have a common 
factor, it is best not to take the trouble of multiplying by 
that, but by the other factors only. 

Pboblem3. Given {9^ Jl|^^ J§} to find the 
values of x and z. 

Solution. It is easily seen that if we multiply the mem- 
bers of the first equation by 3, the coefficients of x will be 
the same. 

Multiplying by 3, 9x + 6z^ 48. 

Leaving the second equation un- 
changed, 9x — 8 z = 20. 

Subtracting equals from equals, 14 z ^ 28. 

z= 2. 
Putting 2 times 2 instead of 2 2: in the first equation, we 
have 3a; + 4= 16. 

Transposing, 3 a; = 16 — 4. 

8a: =12. 
a; aa 4. 

Hence x ^ 4 and z a 2. 
8* 
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Problems Given {^^ "^ ^J ^ ^^Itofindarandy. 

Solution. Putting 4 times 4 instead of 4 y in the first 
equation, we have 3 a: + 16 = 25. 

3rt; = 25 — 16. 
3a? = 9. 
a; s 3. 
Hence a; = 3 and t/ = 4. 

(Ax 4- Ay ^ 28) 
Problem 5. Given < ^T ^^.yfto find a: and y. 

Explanation. Here, if we multiply both members of 
the second equation by 4, it becomes the same as^tbe first 
Hence by adding we would get 8 a; + 8 y = 56, and by 
subtracting we get = 0. There is no elimination. This is 
because the equations are not independent of each other. It 
is just the same as if we had but the one equation x + y =s 
7 ; for then we could multiply both members of it by 4 and 
get the other. Hence any numbers which amount to 7 
would do for the values of x and y. The problem is inde- 
terminate. 

EXAMPLES. 

( X 4- V = 101 

1. Given <, j, ^ 6 f *^ ^^ ^ *^^ 2/* 

Ana. a; ss 6 ; y =s 4. 

2. Given | ^ + 2/ = 12 J ^ ^^^^ ^ ^^^^ ^ 

Ans, a; « 8 ; y a=s 4. 

Ans. re a= 3 ; y = 3. 

4. Given j^j; ^y =" '^H to^dx Rudy. 
(a; 4- y = o ) 

Ana. 05 =a ^3 ; y « 5. 
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5. Given j ^ + ^ "= ^H to find a and z. 

Ana, a? = 8 ; 2 = 7. 

6. Given I ^ ~^ ^ == ^ 1 to find a? and 2. 

\x — z = y j 

Ana. cc = 13 ; 2=4. 

7. Givenj2^~^^^ U to find a? and t/. 

Ana. 03 = 1 ; y = 3. 

8. Given j^ ^ Z^ = 2 } *^ ^"'^ ^ ^^^ ^' 

Ana. a: = 3 ; t/ = 5. 

J[n5. a? = — 1 ; y = 2. 

10. Given|-2|^-^^JZ~^J}tofinda?andy. 

Jlrw. a: = 2 ; y = — 1. 

Note. ''The members of the first equation can be divided by 11 
and the equation reduced before eliminating. 

11. Given I JJ ^ + ^ J = 1<^J J to find « and y. 

Ana. X = 10; y = 3. 

12. Given | }J^ + gey = 162 } *° ^^^ ^ ^•^'^ 2/- 

-4n«. a? = 2 ; y = 5. 

13. Given {??^7 J^^ Z gg}to find y and z. 

^JM. y = 10 ; z = 19. 
U. Given { ^^ ^ J j^^ ^ jg^j to find x and y. 

^na. a? = 3 ; y = 7. 
15.Given{13^ + 13^r;g}tofind^andy. 

-4/w. a? = 12; 2/ = 12. 



A 




< 
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60. 



17. 



Ans. a? = 12 ; y = la 

C Sx '~^ff> ^ns. a? = 2; y «« 9. 
18. Given {^^ + ^g^ = ^9?}*° ^^^^ -nd y. 

Ana, X s 1 ; y a 
jl9.Givea{|- + 2y-91|to find. and y. 

JLtm. aj = 19 ; y a 
20.Given{|j + 7y-42|tofind.andy. 

^jM. « = 7 ; y 

J[n9. a; a 5 ; y 

22.Giyen{3- + lly = 28}tofind.andy. 

-4n«. a: = 2 ; y 
23, Given{7^7y = 14|t^g^j^^^jy 

^rw. a = 7 ; y 
Given ||* ~ 1 2/ = 11| ^ find a? and y. 

^rw. ar = 5 ; y 
25.>3iven |§^ + ^2J = _^|l tofind x andy. 

Jm. a: = 3 ; y 

26. Given{-2^ + g3^ = -255|tofiada:andy. 

Ans. X = 10 ; y = 5. 

27. Given{l«^-21y = _58|tofind.andy. 

Ant. a; as 1 ; y B — 2. 




3. 



2. 



2. 



1. 



2. 



s5. 
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Z6. uiven I _ j^^ ^ ^ .^^j ^ ggg I to find a? andy. 

^Ti Ana. » = — 3;ys — 4, 

29. Given | * ^ JL^] to find ic and y. 

^ Ana. a; as 4; 2^ = — 4, 

30.Given{2- + 3y=29|^fi^,^^^^^ 

J[n«. X =s 4; y = 7. 

^Tw. J? = 9; y = 9. 
32.Given{2^-3^---15|t,fi^d^,„^^ 

uln*. a? = 3 ; 2 = 7. 
33.Given{g + 5j-_29|^,^,^^^^^ 

Ans. X ss 2; z = 5. 
34Given{f- + - = 401|^fi„,^^,^ 



Ana. a; = 20 ; w = 1. 
35. Given P'^ " '^ = .9 1 tofind a> and «;. 

Ana. a; = 11 ; « = 22. 



f2a; — 
I x + 



w 



831 



36. Given {|^ 1 ^ ^ J} to find «, and y. 

Ans, w = 2; t/ = — 2. 
37.Given{,J + 4,= 20J^g„,^.^,^ 

J[n«. ^ = 4 ; g = 4. 

38. Given {* J 2S = 4} *^ *^<* * ^^^ *• 

^n«. « = — 4 ; < = 4, 

39. Given {;! J = l§l}..to find . and 



t 



Ans. 8 = 100; <« !• 



^ 



V 
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SECTION XXIV. 

Questions producing Equations with Two 
Unknown Quantities. 

Problem 1. One man buys 5 collars and 7 handker- 
chiefs for $3.80 ; another buys at the same rate 12 collars 
and 2 handkerchiefs for $3.20. How much are the collars 
and handkerchiefs apiece ? 

Solution. Let x represent the price of a collar, 
And y the price of a handkerchief. 
Then we have, by the statement of the question, 
f 5aj + 7y«380.r 
|l2a; + 2y = 320.1 

By solving these equations, it will be found that the col- 
lars were 20 cents each, and the handkerchief 40. 

Problem 2. A person has ten-cent notes and twenty- 
five-cent notes, 100 in all, whose value is $13. How many 
has he of each ? 

Solution. Let x « the number of 25-cent notes he haa. 
And y » the number of 10-cent notes he has. 
Then, by the conditions of the question, 
S x+ y=: 100.> 
125^:+ lOy = 1300. j 

By solving these, it will be found that he had 20 twenty- 
five-eent notes and 80 ten-cent notes. 

^^^ ^ EXAMPLES. 

1. A gentleman bought an encyclopaedia in 24 volumes, 
and a history of England in 6 volumes, for $132. The en- 
cyclopaedia cost $3 more per volume than the history. What 
was the cost of each per volume ? Ans. The encyclopaedia 
cost $5 per volume, and the history $2 per volume. 
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2. A merchant has some wine worth $5 a gallon, and 
some worth $10 a gallon. He wishes to make a mixture of 
20 gallons worth $7 a gallon. How much of each must he 
take^ Ans. 12 gallons at $5, and 8 gallons at $10. 

Note. The whole 20 gallons will be worth $140. 

3. How many gallons of wine at $1.25 and at $1.00 must 
be mixed to fill a cask of 63 gallons at $1.10 ? Ans. 25^ 
gallons at $1.25, and 37| gallons at $1.00. 

4. Find two numbers whose sum is 27, and their difference 
3. Ana. 15 and 12. 

5. A hatter sells to one person 7 hats and 11 caps for $39 ; 
and to another, at the same prices, 5 hats and 1 cap for $21. 
What was the price of each ? Ans. $4 for a hat, and $1 for 
a cap. 

6. At what price are horses and dxen sold, when 4 horses 
and 5 oxen co^t $300 ; and 9 horses and 10 oxen cost $650? 
Ans, $50 for a horse, and $20 for an ox. 

7. Eight Spanish doubloons and ten pistoles are worth 
$163.12. Two doubloons and five pistoles are worth $50.49. 
What is the value of each? Ans. A doubloon is worth 
$15,535, and a pistole, $3,884. 

8. Find two numbers such that their sum is 34, and five 
times the greater minus three times the less is 58. Ans. 20 
and 14. 

9. Find two numbers such that double the greater minus 
the less is 22, and double the less minus the greater is 1. 
Ans. 15 and 8. 

10. Divide 38 into two such parts that one may exceed 
the other by 6. Ans. 16 and 22. 

11. A and B together own property amounting to 
$120,000, and seven times A's property is equal to five 
times B's. How much has eachJ.^^-^aBr'A has $50,000, 
and B has $70,000. 
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SECTTION XXV. 

Factoring. Fundamental Theorems. 

Theorem L Tlie sqvare of the mm of two qiuintities is 
equal to the square of the fir«t, plus twice the product of the 
first and second^ plus the square of the second. 

a + h 
Pboof. Let a and h stand for any a + h 
two quantities. Then, maltiplying a ^TT ^ 
+ 6 by itself, we have what the theorem ^j j. j* 
states. 

a' + 2ai + 6' 

Theorem IL The sqv^ire of the difference of tioo quantities 
is equal to the square of the first, minus twice the product of 
the first and second, plus the square of the second. 

a — b 
Proof. Let a and 6 stand for any a — b 

two quantities. Then, multiplying a ^« ^ 

— 6 by itself, we have what the theorem ^j j. j« 

states. 



a' — 2ab + V 



Theorem IIL The sum of two quantities multiplied by 
their difference is equal to the difference of their squares. 

a + b 

Pboof. Let a and b stand for any a — b 

two quantities. Then, multiplying a ^a i ^ 

+ 6 by a — 6, we have what the theo- ^^ ja 

rem states. -; ~ — 

a' — 6' 

Theorem IV. The difference of the same powers of two 
quardities is always evenly divisible by the difference of the 
quantities. 
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Thus, we find by performing the operation of division, 
(o» _ 6=^) -r (a — 6) = a + 6. 
(a»_6») -T- (a — 6) = a' + ab + h\ 
(a* — b*) -^ (a — b) = a» + a'b + ah" + b\ 
la^ — h^) -H {a — b) = a* + a'6 + a'6^ + aft' + 6*. 
(a« _6«) ^ (a — 6) = a* + a*6 + a'fi'* + a^V + ab^ 

&c., &c. 

Any other expressions might be used instead of a and b. 
Thus, we may find in the same way, 

(mW — c^) -7- (mn — c) = mn + e. 
(m'w' — c*) -T- (win — c) =: m^n^ + 7nnc + c*. 
(m*?i* — c*) -r- (mn — c) = m'n' + mVc + wine' + c^. 
&c., &c. 
Also, ( 9 — 4) ^ (3 — 2) = 3 + 2. 

(27—8) -T- (3 —2) = 9 + 6 + 4 
&c., &c. 
The complete proof of the theorem is too difficult for insertion 
here. As far as the student needs to use it, he can proye it by per- 
forming the operation. 

EXAMPLES. 

Write down, where you can, the values of the following 
expressions, without actually performing the work. State 
what theorem you use in obtaining your result. 

Thus : What is (x + y) (x — y) equal to ? Ans. To x!^ 
— 2/^9 l>y Theorem III. The sum of two quantities muUiplied 
by their difference is equal to the difference of their squares. 

Note. Let the student tell why parentheses are needed wherever 
they are used in this section. * 

1. »(c + dy. Ans. c^ + 2cd + d". 

2. (d — dy. Ans. c^—2cd + d". 

3. (a + 1)^ Ans. a' + 2 a + 1. 

4. (c — xy. Ans, c^—2cx-^ x\ 

5. (1 + yy. Ans. 1 + 2y + 3/^. 

9 G 



1*^ 
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-^ 



6. {ah + c)'. Ana. a^V + 2 aJc + c\ 

7. (5 a' + x)\ Ans. 25 o* + 10 a^x + ar*. 
§liBe + 2 yy. Am. 9c' + 12 cy + 4y». 

[od + y')*. -4rw. c^f?* + 2 cdy^ + y*. 

10. (ex — 3 y^y. Am. cV — 6 cxy" + 9/. 

11. Iba^x + 3^)'. ^w«. 25 aV + 30a*a:i/».+ 9/. 

12. (6"cSi/ + 2 ai»)^ ^iw. 36 i^d'y^ + 24 a6Wy + 4 a'6*. 

13. (2 + 3)1 X -4n«. 4 + 12 + 9 = 25. 

14. (6 — 5)». Jlrw. 36 — 60 + 25 = 1. 
15/ (6c —0)'. Am. sec'* — + = 36c». 

16. (3 a6 + cdy. Am. 9 a'6* + 6 abed + c'cT. 

17. (4 am + ^mWyy. 

Am. 16cVa:' + 24cm'n^i/' + 9m*xV. 

18. (a»6 — c'd)'. 

19. (5 a;* — 6x»)'. 

20. (c» + 2aa:)». 

21. (a + a?) (a — x). 

22. (c-i/)(c + y). 

23. (2a + 36) (2a— 36). 

24. (5m 4- x^) (5m— x»). 

25. (8a + c) (8a— c). 

26. (3 a'6c* — 5 mw*) (3 a*6c* + 5 mn% 

Am. 9a*6'c» — 25mV. 

27. (9 a^m^nx + y) (9a^m^nx — y). uItw. 81 a*mVx* — y\ 

28. (5—3) (5 + 3). Jlrwr. 25 —9 = 16. 

29. (6 — 2) (6 + 2). Am. 36 —4 = 32. 

30. (9 c + 1) (9 c — 1). Am. 81 c» —1. 

31. (8 a6 + 0) (8 a6 — 0). Am. 64 a'6' _ = 64 a'6'. 

32. (5 y + 2 am) (5 y — 2 am). Am. 25 y"— 4 aW. 

33. (6 + 4) (5 —4). Am. 25 — 16 = 9. 

34. (6 + 4)1 Am. 36 + 48 + 16 = 100. 

35. (6 — 4)». Am. 36 —48 + 16 = 4. 

36. Im^—n!^) ~ (m—n). 

Ahs, m* + m^n + rn^n^ + mV + mV + mW + mn^ 

+ n\ 



Ans. 


a«6» 


— 2 o'ic'd + c*d'. 


Am. 25 x« 


— 60x" + 36a;«. 


Ana. 


c« 


+ 4 ac'a; + 4 


o'a:». 






^na. a'- 


-*'. 






^tw. c'- 


-y\ 






j4n«. 4 a' — 


96'. 






Am. 25 m'- 


-x*. 






^na. 64 a'- 


-c*. 
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37. (d» — 6«)-5-(c— 6). 

Arts. (^ + c'b + cV + <?V + c6* + 6». 

38. (r» — «') -f- (r — «). Jlrw. r^ + ra + «». 

39. (m»— r») -r- (m— r). 

^n«. m* + mV + mV + mV + mV + mr* + r*. 

40. (a%^ — x^) -r (ah — x). Am. ah + x. 

41. (c*x»— 2/*) -r (ex— 2/). ^^ '^'^ 

42. (a*6*— c*d*) -r- {ah—cd). 

Ana. a'6» + a'6'cd + ahcH'' + c»(P. 

43. (a' —1) -5- (a —l). ^^. o + 1. 

44. (a:* —1) ^ (aj — 1). ^n«. x"" + x^ + x + 1. 

45. (1 — c*) H- (1 — c). Jim. 1 + c + c* + c». 

46. (25—9) -r (5—3). -4rw. 5 + 3 = 8. 

47. (125— 27) -^(5— 3). 

Am. 25 + 5 X 3 + 9 = 49. 

48. (a» — 6»)~-(a— 6). 

Ans. a« + a»6 + aW + a*6» + o*6* + a»6* + a'6« 

+ aV + h\ 

49. (m«— a;«) ~ {m—x). 

Ans. m* + m*a? + m'x' + mV + wiar* + «*. 

50. (^ — c*^*) -f- (^ — cA). 

Ans. / + ^'cA + g(?V + c'h\ 

QUESTIONS ON THE FOREGOINO SECTIONS. 

What is the diflference between (a + x) (a — a;) and a + xa — x, 
OP a -f- X X « — a;? 

Is a -|- X a monomial, a binomial, or a trinomial ? Why ? 

Is a binomial a polynomial ? 

Write three monomials, each containing four letters and a number. 
Write three binomials, three trinomials, three polynomials of seyen 
terms each. 

Name all the coefficients you haye just written. 

What is the difference between addition in arithmetic and addition 
in algebra ? 

How is any term subtracted from another ? 
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What is the rule for the signs -{- and — in multiplication and di- 
vision ? 

How do you multiply together powers of the same letter ? 

How do you diyide one power by another power of the same letter ? 



SECTION XXVI. 
Factoring. Prime and Monomial Factors. 

A measure or factor of a quantity is anything which di- 
vides it without a remainder. Thus, 6 is a measure or factor 
of 15 ; a is a measure or factor of a' or of ox ; c^<Pe is a fac- 
tor of c^d^e^x. 

A prime quantity is one which has no factor but itself and 
unity. Thus, a, a:, 7, and a + x are prime ; but ax is not, 
as it has a and x for factors. 

The prime numbers between 1 and 50 are 2, 3, 5, 7, 11, 
13, 17, 19, 23, 29, 31, 37, 41, 43, 47. 

The prime factors of a' are a and a. 

The prime factors of 24 a^<^d are 2, 2, 2, 3, a, a, c, c, c, 
and d 

The prime factors of ^ are y, y, y, and y. 

Polynomials, it must be remembered, are expressions 
composed of two or more terms, connected by + or — . 
They often have a monomial factor which may be separated 
from the rest. 

Thus, in the polynomial ax + a;*, both terms may be di- 
vided by the monomial x. Performing the division, we get 
a + X. Hence the factors of ax + a:' are x and a + x. In 
other words, a^ + x^ ^^ x (a + x). 

Again, in the polynomial 24 a^d^x — 36 aVx' -+• 8 a'ar«, 
each term may be divided by 4, by a', by c, and by x. That 
is, the monomial 4 a^cx is a factor of the polynomial. Per- 
forming the division, we get 6 c* — 9 ac^x + 2 x\ Hence 
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the polynomial is the same as 4 a^cx (6 c* — 9 ac^x + 2 x'). 
The parenthesis is used to show that each term within it is 
multiplied by 4 a^cx. 

In the same way we may find that the factors of 3 a*x 
— 2ax -j- X* 9,Te X and 3a* — 2a + x. In other words, 
3 a*a? — 2 ax + aj' = a? (3 a* — 2 a + ^). 

BXAMPLES. 

1. What are the prime factors of a* ? Ans, a, a, a, a, a. 

2. What are the prime factors of aV^ ? 

Ana. a,a,a,x,x,y, 

3. What are the prime factors of 5 a^x^y ? 

Ans, 6, a, a, a, a, re, a:, y. 

4. What are the prime factors of 24 ah'^ ? 

Ans. 3, 2, 2, 2, a, a, a, a, a, a, a, z, z. 

5. What are the prime factors of 18 m^n ? 

Ana. 3, 3, 2, m, m, m, m, n. 

6. What are the prime factors of 21 p^q^x ? 

Ana. SJ,p,p,p,q,q,x. 

7. What are the prime factors of 135 a^bx^y ? 

Ana. 6, 3, 3, 3, a, a, a, a, a, 6, re, re, y. 

8. What are the prime factors of 235 Ic" ? Ana. 5, 47, ^, k. 

9. What are the prime factors of 37 ? 

Ana. 37 is itself prime. 

10. What are the prime &ctors of n ? 

Ana. n is itself prime. 

Separate each of the following polynomials into two fac- 
tors, one of which is the greatest monomial factor in the ex- 
pression. 

11. 2a -t- 2 X. Ana. 2 (a -f ar). 

12. 13 a — 13 h. Ana. 13 (a —h). 

13. 24 a' + 24. Ana. 24 (a* -f 1). 

14. 32a»-f 48a«6 — 24aW. 

Ana. 8a»(4a«-f. 6a6— 36^. 

15. 6a -f- lOy. Ana. 5 (a -f 2 2/). 

9* 
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16. Uoc— 7d Ana. 7 (2ae — d). 

17. ab — ax. Ana. a (b — z). 

18. cur + 2 ay. Ana. a(x + 2y). 

19. 10 xy — 10 xz. Ana. 10x(y— z). 

20. lOxy + Idxz. Ana. 5x (2y + 3z). 

21. 5ah—25ax. Ana. ba(b—bx). 

22. oJ + a. Ana. a (h + 1). 

23. ab + h. Ana. b {a + 1). 

24. 30a6— 546. Ana. 66 (5a— 9). 

25. 25 aV — 25 a^z. Ana. 25 a« (y — z). 

26. 3 x + 3. Ana. 3 (x + 1). 

27. 34 a*a? — 34 a». ^»w. 34 a» (a? — 1). 

28. 27 m' + 9 m^n. Ana. 9 m' (3 + n). 

29. 4r» — 16r»« + 24r»«» + 12r»«». 

^7w. 4r» (1 — 4« + 6r*«' + 3r*«»). 

30. %a^ + Sa*y — 18ay + SSxVy. 

Ana. aV (8 a' + 3 — 18 y + 33 x'a^). 

31. 36 6»z — 21 b'x — 9 6"x*y. 

Ana. Sb^ (12bh —7 X —Sb'a^y'). 

32. 15 a»mV2* — 12 b^nv'ny — 9 a'ft^V. 

^7w. 3 wi» (5 a^y:^ — 4 ft'mnV — 3 a'bWn^). 

33. 216a»6V<fa:»y — 96aV(i'^ar». 

^rw. 24 a*€^cPa* (9 aJ^ — 4 c). 

34. d^cfic^cPm'n^ar'z + 224 bd^mxt^. 

Ana. 66 d'wucz {cfic^m^nV + 4 6d"2»). 

35. 216 m^nycfa + 36 m^nYq^. 

Ana. Z&m^nYqa (J&m^q' + «»). 

36. 185 ayz« — 37 a^bed'y^z. Ana. 37 aVz (5 z — a6c(P). 

37. 25 a^t^x'y'T^ — 25 a^i^3^y^i^. Ana. 25 a»c V^z* (a — x). 

38. 12 aVx*2/z» — 5 d^c^a^^. Aiia. aVa?V^ (12 a — 5). 

39. 8 oJ'c + 5 <u?d—had\ + 8aey. 

^rw. a (8 6'c + 50*^ — 5(^6 + 8ey). 

40. 2 art/ + 2 1/» + 2 yz. ^tw. 2y (x + y + zy 

NoTB. The foregoing examples may be proved by reversing the 
operation, that is, by multiplying the factors together. 
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SECTION XXVIL 

Factoring. Applications of the Fundamental 
Theorems. 

Problem. Factor r* + 2 r« + «'. 

Solution. The first term is the square of r, the last term 
is the square of 8, and the middle term is plus twice the 
product of r and 8. Hence, by Theorem I., it is the square 
of r + 8. Thus, r' + 2 rs + «' = (r + sy. 

Problem. Factor 4 n' — 12 n + 9. 

Solution. The first term is the square of 2 n, the last 
term is the square of 3, and the middle term is minus twice 
the product of 2 n and 3. Hence, by Theorem II., it is the 
square of 2ri — 3. Thus, 4 n' — 12 n + 9 = (2 n — 3)». 

Problem. Factor 25 ary — 4 ti*. 

Solution. The first term is the square of 5 x^y^y and the 
second term is minus the square of 2 n. Hence, by Theorem 
III., it is equal to the sum of 5 xy and 2 n multiplied by 
their difference. Thus, 25 xy — 47i' = (5 xY + 2n) 
(5 xy —2n). 

It is an excellent exercise to tell of a trinomial whether 
it is a square or not, by observing whether or not Theorem 
I. or Theorem H. applies to it. 

Thus, 25 a' + 40 aa; + 16 z"" is the square of 5 a + 4 z, by 
Theorem I. ; and 25 a* — 40 az + 16 z^ is the square of 5 a 
— 4 0, by Theorem II. ; but 25 a^ — 20 az + 16 z^ is not a 
square at all, as the middle term is not twice the product of 
5 a and 4 z. 

In the following examples, when the trinomial is not a 
square, tell why it is not 
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EXAMPLES. 

Tell which of the following trinomials are squares, and 
factor those which are. 

1. 9x» + 24arz + 16 z\ Ans. (3x + 4z)\ 

% 2ba^ + Ibxz + 9z'. Ans. Not a square. 

3. sea:* + 12xz + z\ Ans. (6x + z)l 

4. 36 X* + 12xz + '4 z\ Am. Not a square. 

5. 9 2/* + 30 ^z + 2z\ Ana. Not a square. 

6. a' + 6ab + 9b\ Ana. (a + 36)'. 

7. 25m' + 20mn + 4n'. -An*. (5w + 27i)V 

8. 81 y — SSpq + 4 5'. ^rw. (9p — 2 g)\ 

9. 64 c' — 12 car + 9 j?^ -Itw. Not a square. 

10. 64c» — 48 or + 9 x". Ana. (8 c—Zxf. 

11. 64c»— 32c:c + 4a:«. ^tw. (8c— 2a;)». 

12. 36 c* — 64 cd + 49 (P. -in*. Not a square. 

13. 36r»— 84r« + 49«». ^rw. (6r — 7«)'. 

14. 9 a'6* + 21 d^h^cx + 49 aVo*. Ana. Not a square. 
16. 9 a'6* — 42 a*6»cx + 49 a»cV. ^rw. (3 a6» — 7 ocx)*. 

16. 144 mV — 72 wi»/w;* + 9 wV. 

^?w. (12 mn— 3 mV)'. 

17. 121 pV + 32 r'p^ — 25 r». ^rw. Not a square. 

18. 81 mH + 33 mW + 25 mV. -Arw. Not a square. 

19. 9 a;«2/* + 48 a*^«z + 64 xy^l ^rw. (3 xY + 8 xy^zf. 

20. 9 ar*y* + 32 a^x^z + 36 a^yz'. ^rw. Not a square. 

21. 9 arV* + 36 o^fz + 36 rcyzl ^rw. (3 a:*/ + 6 xy'zf. 

22. 9 x«2/» + 36 a^^y^z + 16 a;yz'. ^rw. Not a square. 

23. 9 x^if + 24 a^fz + 16 a^Vz'. Ana. (3 xy + 4 xy^z^f. 

24. 9 a^i^ + 18 a^^/z + 9 a:yzl ^iw. (3 a:y + 3 xyH^. 

25. 9 a:*?/* — 12 a^x^z + 4 5;yz«. ^rw. (3 a?y — 2 xy^Y. 

26. 64 aV — 48 dt^x + 9 x^. Ana. Not a square. 

27. 64 aV — 48 (u^x — 9 x'. ^rw. Not a square. 

28. 64 aV + 48 oc'x — 9 x^. Ana. Not a square. 

29. 64 aV — 48 xy* + 9 a?*. -4iw. Not a square. 

30. 64 aV — 48 oc'a; + 9 x". Ana. (8 ac» — 3 xy. 

31. 9mV + 12 mV + 4mV. ^»w. (3mV + 2mV)'. 
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32. 8 a» + 16 aft + 4 h\ Ana. Not a square. 

33. mV + 2mn + l. Ana. (mn + 1)1 

34. mW + 2 mn + 4. Ans. Not a square. 

35. a^ + lax + s?. Ana. (a + a?)'. 

36. a^ — 2ax + x\ Ana. (a — a;)^ 

37. 4 a^ + 4 oft + b\ Ana. (2 a + ft)^ 

38. 4 a^ — 4 aft + ft'. Ana. (2 a — hf. 

39. 9x« + 24x + 16. ^n«. (3x + 4^. 

40. 64 a» — 80 a + 25. Ana. (8 a — 5)». 

Factor the following : 

41. a* — x^. Ana. (a -f x) fa — ar). 

42. 49a;^— 64 2/'. ^tw. (7x + 83/) {lx — %y). 

43. 42/' — 92l ^/w. (22/ + 3^) (2y— 3 2). 

44. 16 z' — 2/*. Ana. (4 2 + 2/') (4 2 — 2/'). 

45. 25 x^ — b'\ Alia. (5 a.-^ + 6«) (5 x^ — ft«). 

46. 64 a« — 9 y*. ^rw. (8 a» + 3 1/') (8 a» — 3^'). 

47. 9 2/'« — 4 2; Y. ^rw. (3 2/" + 2 2^') (3 1/" — 2 zg'). 

48. 25 a^« — 49 ft V*. ^na. (5 a« + 7 fty ) (5 a« — 7 fty ). 

49. 9 a* — 25 ft*. Ana. (3 a' + 5 ft') (3 a' — 5 ft'). 

50. aW^—aW\ Ana. (a'b' + a«ft«) (al'b' — a^b^). 

51. a" — a}\ Aiu. (a« + d") (a« — a*). 

52. a''—b\ Ana. (a« + ft*^) (a* — ft*^). 

53. 25 a" — 25 6^. ^7W. (5 a* + 5 ft*) (5 a« — 5 ft*^). 
5^. 4a^— 16 X*. Ans. (2 a;* + 4 x') (2 a:* — 4 a:'). 

55. 16 a'ft'c'd* — 9. Ana. (4 aftcd + 3) (4 abed — 3). 

56. 81—36. Ana. (9 + 0) (9—6). 

57. 64 — a'. ^715. (8 + a) (8 — a). 

58. a;' —49. Ana. (x + 7) (a; — 7). 

59. 9—4. Ana. (3 + 2) (3 — 2). 

60. a'—c'd!^^. Ana. (a' + c'cPe') (a' — c'dV). 

Note. The foregoing examples may be proved bj reversing the 
operation, that is, by multiplying the factors together. 
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SECTION XXVIII. 
Factoring. (Continued.) 

When it is desired to separate any algebraic expression 
into factors, it should be first divided by any monomial 
which will divide each of its terms ; then by any other ex- 
pression which by the preceding four theorems, or by ob- 
servation, may be seen to be contained in it 

Thus, taking the expression 28 bcx^ — 168 bcxy + 63 
t/'6c, it may easily b^ seen that every term is divisible by 7, 
every term contains b, and every term contains c. Hence 
we may divide by 7 be, decomposing the expression into 
76c (4x^ —24xy + dy^). The last of these factors is 
seen by Theorem II. to be the square of 2 a? — 3 y. Hence, 
finally, the original expression is equal to 7 6c (2 a? — Zy) 
(2x—Sy). 

Again, taking the expression, 17 x^ — 17 a?V> we may 
divide each term by 17 a:*, decomposing the expression into 
llx* (a^ — 2/*). By Theorem IV., the last of these factors 
is divisible by x — y. Performing the division, we have, 
finally, 17 x" {x — 2/) (^ + ^c'y + xY + xf -\- y^). 

BXAMPLES. 

Separate each of the following expressions into factors, 

one monomial, and the polynomial ones factored as far as 
possible. 

1. 9 a* — 9 x\ Ans. 9 (a—x) (a + x). 

2. 20y —45 z*. Ans, d(2 y —S z^) (2y + S z'). 

3. 176 2* — 11 y\ Ans. 11 (4 z^ — y) (4 z^ + y). 

4. 52 m* — 1300 n*. Ans. 52 (m^ — 5 n^) (m» + 5 n^)., 

5. 32 x—Sx\ Ans. 8 a; (2 —x) (2 -f a:). 

6. 19 a^b — 19 ab\ 

An^. 19 ab (a* + b^) (a -f b) (a—b). 

7. 25 a»6 — 25 b\ Ans. 25 b (a— b) {ci^ + ah + V). 
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8. Sx'y — 3 ay. Ans. Sxi/ (x —y) {x + y). 

9. ai^ — 2 ar^z + arz^. Ana. ar (r — z) (r — z). 

10. 5 6cV + 10 6Va7 + 5 6V. 

Ans. 5 6c* (a? + h) {x + h). 

11. 19 a*6»a;* — 38 a»6V + 19 aWx\ 

Ana. 19a'6'a:* (a — x) (a — x). 

12. 31 w'x — 62 a'fta; + 31 ab^x. 

Ans. 31 <M? (a — b) (a — 6). 

13. 6 a^a^ + 10 a*x* + 5 a'ic*. 

-4.rw. 6 aV (a + a^) (a + a;). 

14. 3 oa^ — 18aa7 + 27 a. ^ns. 3a (a; —3) (x — 3). 

15. 45 ay — 30 ay' + 5 ay^. Ans. 5 ay (3 —y) (3 — y). 

16. 3i/b + 18 2/*c + 9 y^xz. Ans. Sy\b + 6c + B xz). 

17. 8 m^nx — 18 mnx^ + 2 mn'^y. 

Ans. 2 mn (4 wix — :9 a;' + n^y). 

18. 15aV — 25 6V+ 15 cy 

Ans. 5y(3a« — 56' + 3c'). 

19. 6 aa^ + 6 axY + 42 a'a:'. 

-Irw. 6 ax* (x* + jr** + 7 a). 

20. 26aa7» — 26a2/^ 

Ans. 26 a (a? — y) (a:* + xl^y + x*y* + 3^*2/* + a;'y* 

+ a?r + /). 

21. 6 a:* — 96. Ans. 6 (a?' + 4) (a; + 2) (x _ 2). 

22. 64 a*6« — 25 a'b\ Ans. a'6« (8 a — 5 6) (8 a + 5 6). 

23. 24 r^« — 12 r'sH — 6 rs. Ans. 6 r« (4 r — 2r'«< —1). 

24. 5a^ — 5 y*. J.n«. 5 (a;' + y') (x + y) (x — y). 

25. aVn* — a^c^r^. Ans. aV (n' + r^) (n + r) (n — r). 

26. ax" —a. Ans. a (x + 1) (x — 1). 

27. a'x' —a\ Ans. a' (x + 1) (x —1). 

28. cf—a. Ans. a (a' + 1) (a + 1) (a — 1). 

29. 11 xY — 22 xy + 11. Ans. 11 (xy —1) (xy — 1). 

30. 34 aW — 17 a*m + 51 a'm*. 

^rw. 17a^(2a*m — a'+ 3m»). 
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SECTION XXIX. 

Equations 'with Two Unknown Quantities. 
(Continued.) 

Problem 1 Giveni ^^"^ = ^^2/+ 1 Ito 

find the values of x and y. 

Solution. In this case, transposition is necessary to 
bring the equations into the proper forms for eliminating 
one of the unknown quantities. Transposing, we have 

i9x — \0y =1+2.) 

(5y+ 3 a;— 2a;— y= 24 +7. J 

Collecting, we have | ^ ~ 4 y « 3l! } 

The easiest method of elimination here is to multiply the 
members of the second equation by 9, and subtract those of 
the first. Thus, 

9a? + 36t/== 279. 
The first equation is, 9 a; — 10 y == 3. 

Subtracting, 46 y = 276. 

2/= 6. 
Instead of 4^, put 24, in the second equation. Then we 
have, a: + 24 = 31. 

Transposing, a; = 31 — 24. 

ar= 7. 
Hence a; = 7 and y = 6. 

Problem 2. Given 

f (a: + 5) (^ - 7) = (a: + 1) (y - 9) + 18 1 
1 2a; + 10=2/ + 4 j 

to find the values of x and y. 

Solution. In the first equation, performing the oper- 
ations of multiplication, we have 

xy + 52/ — 7j._35 ^ xy + y — ^ X — 9 + \d>. 
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Here we cancel xy^ by subtracting it from each member. 
Then the equations are 

(52/ — 7a; — 35 = 2/— 9a;— 9 + 18.) 
I 2aj + 10 = i/ + 4. I 

Transposing, 

152/— 7a;— y + 9a; = — 9 + 18 + 35.) 
I 2a;— ^;= 4 — 10. j 

{2a? + 4t/=s 44) 
2a;— y==— eij 

Eliminating, and continuing the solution, it will be found 
that a; == 2, and y = 10. 

EXAMPLES. 

1. Given 

(5 + 18 a?— a;?/ == (14— a;) (11 +^) + 13) 

\ 12a; + 92/ = 8a? + 142/ + 3 j 

to find the values of a; and y, Ans. a: = 12; y =^ 9. 

2. Given jxy + 6 -3 = (^^-3) (y + 1) + 5| ^ 

find the values of x and y. Ans. a; = 4 ; 2/ = 1« 

3. If $500 be taken from A's property, and $1500 added 
to B's, they will both have the same sum. If A's property 
were five times as great as it is, and B's six times as great 
as it is, they would together have $120,000. How much 
has each? An^. A has $12,000, and B has $10,000. 

4. A number consisting of two digits is four times their 
sum. The number consisting of the same digits in an in- 
verse order is 18 more than the number itself. Required 
the first number. Ans. 24. 

Note. Any number of two digits is 10 times the first, plus once 
the second. Thus 23 is 10 times 2, plus 8 ; inverting, it becomes 32, 
which is 10 times 8, plus 2. If x and 1/ stand for the digits, 10 a; + y 
will be the number, and 10 y + x will be the number formed by in- 
verting the digits. 

5. If 21 years be added to the sum of A's age and B's, 
the result will be double A's age. If 9 years be added to 

10 
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their difference, the result will be double B's age. Required 
their agec. Ans. A's age is 36 years ; B's, 16 years. 

6. Find two numbers such that the greater minus 2 is 
double the less, and the less plus 22 is double the greater. 
Ans. 14 and 6. 

7. If A give B $100, B will have twice as much as A. If 
B give A $200, A will have twice as much as B. How 
much has each ? Ana. A has $400, and B has $500. 

8. If the greater of two numbers be multiplied by 6 and 
the less by 10, the sum of the products is 140. If the less 
be multiplied by 6 and the greater by 10, the sum of the 
products is 160. What are the numbers? Ana. 12 and 8. 

9. Ten years ago, A's age was 10 times that of B. Six 
years hence it will be double that of B. Required the age 
of each. Ana. A's age is 30 years ; B's, 12 years. 

10. Find a number consisting of two digits which is equal 
to 8 times the sum of the digits, the number consisting of 
the same digits in an inverse order being 18 more than their 
sum. Ana. 72. 

11. Find a number consisting of two digits which is 7 
times the sum of its digits, and is 27 greater than the num- 
ber consisting of the same digits in an inverse order. Ana, 
63. 

12. A grocer has two kinds of coffee. One pound of the 
first kind and one pound of the second are together worth 
48 cents. Four pounds of the first plus nine pounds of the 
second are worth $2.92. What is the price of each per 
pound ? A7ia. The first kind is 28 cents per pound, and the 
second 20 cents. 

13. A gentleman has two horses and two saddles. One 
saddle is worth $40 ; the other, $20. The best horse with 
the best saddle is worth $80 more than the worst horse with 
the worst saddle. The best horse with the worst saddle is 
worth $10 less than twice the value of the worst horse. 
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What is the value of each horse ? Ans, The best horse is 
worth $150 ; and the other, $90. 

14. A farmer, having 9 bushels of wheat at $2 a bushel, 
would mix with it rye at $1.40 a bushel and barley at $1 a 
bushel, so as to make a mixture of 50 bushels at $1.38 a 
bushel. How many bushels of rye and barley must he take? 
Ans. 25 bushels of rye, and 16 bushels of barley. 

15. Find a number consisting of two digits which is equal 
to 7 times the sum of its digits, and is equal to 9 more than 
12 times the difference of its digits, the unit digit being the 
less. Ans. 21. 

16. Find a number of two digits, the first being the 
greater, such that the number itself is 3 more than 7 times 
the sum of its digits, and 7 more than 15 times the difference 
of its digits. Ans. 52. 

17. Divide the number 149 into two such parts that the 
greater diminished by 5 may be double the less. Ans. 101 
and 48. 

18. A miller mixes wheat costing $1.25 a bushel with rye 
costing 75 cents a bushel. It amounts to 68 bushels, cost- 
ing in all $79. How many bushels of each kind does he 
take? An^. 56 bushels of wheat, and 12 bushels of rye. 

19. Divide $3000 between A and B, so that A shall re- 
ceive a half-eagle as often as B does a dollar. Ans. A's 
share is $2500 ; B's, $500. 

20. Divide $5000 between A and B, so that 5 times A's 
share shall be 4 times B's. Ans. A's share is $2222| ; B's, 
$2777^. 

21. A vintner wishes to fill a puncheon of 84 gallons with 
wine, so that it may have cost him $100.80 in all. He 
draws his wine from two casks which cost $1.00 and $1.42 
a gallon respectively. How much of each kind must he 
take ? Ans. 44 gallons at $1, and 40 gallons at $1.42. 

22. I purchased 20 pounds of sugar and 25 pounds of 
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coffee for $10 ; but the price of each having fallen 2 cents a 
pound, I purchased 29 pounds of sugar and 25 of coffee for 
$10.72. What was the first price of each ? Ans. For sugar, 
20 cents per pound ; for coffee, 24 cents. 

23. I bought 100 yards of linen and 150 yards of muslin 
for $82,50. I afterward bought 50 yards of linen and 200 
yards of muslin for $55, the linen costing 10 cents a yard 
more, and the muslin 5 cents a yard less, than at first 
What were the first prices, and what the second? Ans. At 
first the linen was 60 cents, and the muslin 15 cents ; after- 
ward the linen was 70 cents, and the muslin 10 cents! 

24. Find a number equal to 5 times the sum of its digits, 
such that if 9 be added to it, the digits will be inverted. 
Alia, 45.^ 

25. Find a number equal to 8 times the sum of its digits, 
such that if 45 be subtracted from it, the digits will be in- 
verted. Ans. 72. 

26. Divide the number 111 into two such parts that the 
difference between the greater and 120 shall be 9 more than 
50 minus the less. Ana. 86 and 25. 

27. A laborer engaged for 100 days, on condition that for 
every day he worked he was to have $1.25, and for every 
day he was idle he was to forfeit 50 cents for board. At 
the end of the time he was entitled to $55. How many days 
did he work, and how many was he idle? Ana. He worked 
60 days, and was idle 40 days. 

28. Divide 15 into two such parts that if the less be mul- 
tiplied by 5 and the greater by 7, the sum of tlie products 
shall be 93. Ana. 6 and 9. 

29. A gentleman owns two houses. If he should spend 
$500 in improving the better house, and $1000 in improving 
the other, the two would be equal in value. But if he should 
spend $2000 in improving the better house, and $500 in im- 
proving the other, the first would be worth twice as much 
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as the second. What is the value of each ? Ans, One is 
worth $2000, and the other $1500. 

30. If a merchant mixes brandy and Port wine, putting 
in twice as much of the former as of the latter, the mixture is 
worth $22 a dozen. But if he puts in twice as much of the 
latter as of the former, the mixture is worth $24 a dozen. 
What is the price per dozen of the brandy and of the Port 
wine? Ans. The brandy, $20 per dozen; the wine, $26 per 
dozen. 

Note. Three dozen of the first mixture are worth $66; of the 
second, $72. In other words, 2 dozen of the brandy plus one dozen 
of the wine are worth $66 ; and one dozen of the brandy plus two 
dozen of the wine are worth $72. 




SECTION XXX. 
The Least Common Multiple. 

A multiple of a quantity is that which contains it exactly. 
Thus 63 is a multiple of 7 and of 9. Also a' is a multiple 
of a ; xy is a multiple of x and of y ; a' — 6* is a multiple of 
a — b and ofa + b. 

A multiple of two or more quantities is said to be a com- 
mon multiple of them. Thus ax \a a, common multiple of a 
and X ; so are a^x, aa?^ a^a^^ o'ar", etc., common multiples of 
a and x ; and ax is the least of these. 

The least common multiple of several quantities is found 
in precisely the same way in Algebra as in Arithmetic : one 
or two examples will serve to show the process sufficiently. 

Problem 1. Find the least common multiple of 9 a^x^ 
4ax*, 12aV, and6aV. 

10* H 
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8)9a^x 


OPERATIOir. 

4aa^ 12o'x' 


6oV 


2) Za'x 


4(w* 


4«V 


2oV 


2) 3o'x 


2 ox' 


2oV 


oV 


a) Sa'x 


ox» 


oV 


oV 


a) Sax 


x* 


oV 


ox» 


X) Bx 


«' 


ox' 


a* 


x)3 


X 


ax 


X* 



S 1 a X 

Continually divide the quantities by any j^nwe factor of 
two or more of them, setting down the quotients and un- 
divided numbers in a line below. When no two of them 
have a common factor, multiply together the divisors and 
final quotients. The product is the least common multiple. 

The product of 3, 2, 2, a, a, a*, x, 3, a, and x is 36 a^x^. 
Hence the least common multiple of 9 a^x, 4 ax\ 12 aV, 
and 6 aV is 36 aV. 

Problem 2. Find the least common multiple of 
(a + x)\ a* — 2 ax + x\ a' — a*a?, and a' + a'x. 

OPERATION. 

a)(a + rr)' o* — 2ax + x* o» — g'j? a* + g'x 

g ) (g -[- ^)' <^' — 2 ox -f a-' a* — g g o' -f- ^ ^ 

a-^-x ) (a + xy g* — 2 g.T + ar* a — x g + x 

g — x\ a + x g' — 2gj + a;* a — x 1 

a + x a — X 1 1 

The product of g, g, g + ^» ^ — ^> a + x, and g — a; is 
Q* — 2 g*x' + a*x^. Hence the least common multiple of 
(g + xy, g' — 2 ax + x\ g' — a\ and a" + a*x is g* — 
2 g V + g'a:*. 
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EXAMPLES. 

1. Find the least common multiple of 9 x', 63 a^ar, 21 a'a::*, 

14 ax% 18 a'a;, and 6 a». Ana. 126 aV. 

2. Find the least common multiple of a and 6. -4.rw. aft. 

3. Find the least common multiple of ab, be, cd, ac, ad, 
and bd. Ana. abed. 

4. Find the least common multiple of a% b% c^d, a^e, a^d, 

b^d, aV, bc^, cd^, ae^, and ad^. Ana. a^b^c^d\ 

5. Find the least common multiple of 3 and xi/. 

Ana. Sxy. 

6. Find the least common multiple of a and a -\- b. 

Ana. a* + ab, 

7. Find the least common multiple of ax^, ax\ a* + x, and 

a + x^. Ana. a^x^ + aV + a'x* + a'a:*. 

8. Find the least common multiple oi ax + x^, a + x, a' 

— x^, and ax — x^. Ana. a^x — a^. 

9. Find the least common multiple of a? — 3, 7 xi/, x — 4, 

and 7 y. Ana. 7 ^V — 49 x'^y + 84 xy. 

10. Find the least common multiple of x^ + y^, x — y,x 

+ y, and 3^ — yl Ana. a?* — 2/*« 

11. Find the least common multiple of r' — «*, (r — «)', r 

— a, and r + «. Ana. r* — r^a — r^ + «*. 

12. Find the least common multiple of (a — xy, a^ — 2 ax 

+ a^, a^ — x^, a + X, and a — x. 

Ana. a* — 2a^x + 2aa^ — a^. 

13. Find the least common multiple of a' + 2 aa? + x% 

(a + xy, and a + x. Ana. a' + 3 a*ar + 3 arc' + aj'. 

14. Find the least common multiple of 3 (a — by, 4 a — 4 6, 
and 6 a — 6 6. Ana. 12a' — 24a6 + 12 b\ 

15. Find the least common multiple of 24 (a — b), 12a'5', 
and 8 ab. Ana. 24 aV — 24 a^b\ 

16. Find the least common multiple of 9 a' — 9 b^, 4 (a + 6), 

18 (a + 6)', and 4a — 46. 

Ana. 36a» + 36 a'b —36 a6» —36 b\ 
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17. Find the least common multiple of 15 cur — 5 aa^y 
(3 — ar)', 15 a — 5 oa;, aod 15 x — 5 a?'. 

Ans, 45 ax — 30 cur* + 6 aoc^. 

18. Find the least common multiple of a' — a?', 5 a' + 10 ax 

+ 5 x\ a'a? — a^x\ and 5 a V. 

-4?w. 5 a^a^ + 5 a*a:* — 5 a'x* — 5 a'a:*. 

19. Find the least common multiple of ab^ + abc, ab^ — abc, 
and oA' — oftc*. J.n«. a6' — abc^, 

20. Find the least common multiple of x — 3, a?* — 6 a: 

+ 9, 3ftx— 96, and36. Ans. Sbx" — IS bx + 27 b. 



SECTION XXXL 

Reduction of Fractions to their Lowest Terms. 

The rules for operating on fractions should be proved in 
Arithmetic before the study of Algebra is commenced. 
Hence we shall generally only give examples of their appli- 
cation. 

Pboblem 1. Reduce ^^^ f ^ . . to its lowest terms. 
265«Wxy 

SoLijnoN. "We find by observation that 5, s*, v^, and x 

will measure both numerator and denominator. Dividing 

43 <• 
them both by 5 s^v^x, we have _— — _, which is the fraction 

53 rxY 

in its lowest terms, as nothing else will measure both terms. 

Problem 2. Reduce — -^-r — ^^ , ' ^^ , , to its 
10 aV + 30 a»x* — 20 aV 

lowest terms. 

Solution. We find by observation that 5, a', and a?* will 
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measure both numerator and denominator. Dividing them 
both by 5 a V, we have <^ — 3^ + 4a* ^ ^^ nothing 

else will measure both terms, this result is the fraction in its 
lowest terms. 

Problem 3. Reduce o*^ + a V ^ j^ j^^^^ 

terms. 

Solution. We find by observation that a' will meas- 
ure both terms. Dividing them both by a', we have 

(j' -j_ ^ 
4 1 Zj I ^ ' "^^^ further divisors, try such quantities 

as a — X, and a + x. It will be found that a — x will not 
measure either term, and a + x will measure the numerator 
only, giving as a quotient a' — ax + as*. Try that as a 
divisor of the denominator. It will be found to measure it. 
Then a' — ax + x^ is a divisor of both terms. Dividing 

them both by it, we have ^ "^ ^ -, which is the ori- 

^ a^ + ax + x" 

ginal fraction in its lowest terms. 

Note. If divisors do not readily ooour to the pupil, let him try 
to factor both numerator and denominator. Then common factors 

may show themselves. Thus, ^ ^ when factored, becomes 

^ ^^ ^ K The common factor may be cancelled, giving ^. 
a (2* — y«) " a 

EXAMPLES. 

Reduce the following fractions to their lowest terms. 
1. ^Vl. Ans. ^. 

35oVy2» 7a;*z* 
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. 16o'6Vd»«* ^ 2dV 

49 a x^y*z 7 ic'^y 

g 106 a^mn'a^ ^^ 2a*:r« 



15. 
16. 
17. 



159mVar'y 3mVy 

,- 24 ma*cx*i/d m^ 4 oMm a? 

8 ^^^ ^ ^^ J.na IL?^^ 

• "22^^^ ' 2/(7^-* 

g 35 xW jL^ 7^'z 

45 mV^zp' ' 9m*x' 

10. g^f-!!^. ^na. /-^ 

36 x^yzc^m 4 a?' 

11 7oV + 21aV— 5a«e» . 7 4- 21oV — 5ac 

* aV + 56V +12aV ' '^' ac + 5aV + 12/ 

-o 121 a*ca? + 55 aV— 33 a*c . Ila«ic4-5ac— 3 

11 are 1 

13 34_W^-22a^V . 175V— 6ti*5* 

26 6V + 28 6Vx ' ^* 13 c + 14 6=*a? ' 

^ . __121aW — 5^^ _ j^^ 121 c^; — 5 ax" 



Sa'^c + 2a^G^x—ba*cx 

14 axy — 14 axy 4- axy 
MAiOory — l^axy -4- axy 



c«-y« 



a;2 — 2xy + y* 

a;3 y'i 



18. ^Z:^. ^n.. 



19. 



a?V — y 



3a«+ 2a«ca?— 5 


(ur 


^nd. 


1 
1' 


Ans.''-^ 

X — 


•y 


Ant =«' + ^ + 


.y' 


X + y 




a?—x'y + ocy' — 


y' 


sis' — ay + y' 




Jim*. 


y' 
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20. t^t__.. Aa,. ^+ y 

a? — x'y + ay* — ^' 1 

21 10o* + 20 a?6 + lOo 't* . 2 

' 15o* + 30"a»6 + ISo^'i'* 3' 

22. 't=:£' ^n,. 1 



a* — a?* a'* + a;* 

23. ?;=i^. Ar^ - ^5^^_ .. 

24. fl+i^y-til'. ,!„«, ^±JL 



25. 4+-J ^n,. 1 . 

26'. ^__^-=:^.. ,. An». '• + * 



r«8 — 3r'«' + 3r'«'— ra* r* — 2r« + «» 

27. _i^yj=i^_... ^^. ^ziy. 

a:V+ 2ar'y' + a;y» a; + y 

28. ?£f +J!£3'. ^„«. _J_. 
oa^ — oic]/' - a? — y 

29. ?5V-?^'. ^,^. _?y_. 

a —2/ a + y 

30. -. ■ — -. Am. The fraction ta in its lowest 

a — z 003 -t" X 

terms. 

31 12 mV — 12 mV + 2 4 mV . 2mn 

' 18 mV — 18 mV + 36 mri ' ^* 3 * 

32. ^^--^J^y-. Ana. .^L±JL. 
2 ax + ay 2x + y 

33. ^J:!. ^n«. 1- 

a® — it ^ — *V + «V — / 
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SECTION XXXIL 

Reduction of >A^hole and Mixed Quantities to 
Fractions. 



Problem 1. Reduce ae + bx to the fonn of a fraction. 
Solution. This can be done by merely placing 1 undei 
it as a denominator ; for ac + bxiB the same as z • 



Problem 2. Reduce c to a fraction having 6 as a de- 
nominator. 

Solution. A unit = -r. Tfeen c units are equal to c 
6 

^. b be „ be 

times r, or -=-. Hence c = -^. 



Problem 3. Reduce x + yto & fraction with the de- 
nominator X — y. 

Solution. A unit = -, Then x + y units = 

x—y 

J^ X (a? + y). Hence x + y^ r^' 

We see by the above reasoning that any quantity may be 
reduced to a fractional form by multiplying it by the pro- 
posed denominator, and placing the result over that de- 
nominator. 

Problem 4. Reduce 64 to the form of a fraction. 

Solution. Multiply 6 by 7, producing 35. Hence the 
5 = V. Add 4 to 3^6^ an^ ^^ i^a^e 3^9. Hence 54 = \». 

Problem 5. Reduce a + - to the form of a fraction. 

n 
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Solution. Multiply a by n, producing an. Hence a =» 

an , . ^ ca ^ an , , an -]- ca 

—. Add — to — , and we have . 

n n n n 

Z + x^ 

Problem 6. Keduce x — v , — to the form of a 

x+ y 

fraction. 
Solution. Multiply x — y by ar + y, producing x^ 

— y*. Hence x — v = — ~ . As the fraction is negor 
a? + y 

tive, subtract — ■ from -— — . The operation of sub- 

X + y X + y ^ 

traction is this : re' — y' 

x' +3 



The result is — —, , which is the same as — - — r- j as 

X + y X + y' 

the minus sign before the whole fraction means that each 

term of the numerator is to be subtracted. 

ax *~^ oil 

Problem 7. Keduce r — x + y to the form of a 

a — 

fraction. 

Solution. Multiply — x + y by a — b, producing 

— oa: + ay + bx — by, 

— ax + ay + bx — by 

Hence —x + y = i. ^• 

a — 

As the fraction is pasiiive, add — — t- to this. Add the 

rru 1^ • ^y + bx— 2by 

numerators. The result is , . 

a — 

EXAMPLES. 

1. Beduce ac to a fraction whose denominator shall be c V, 

- cu^x^ 

11 
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2. Reduce n + ^ to a fraction having the denominator 

n + a. Ans. -1+1^+^. 

n -^ a 

3. Reduce a* — 6' to a fraction haying the denominator 

, o» — a6» — a^6 + 6» 

a — 6. Ana. 1 • 

a — 0. 

4. Reduce x* + y* to & fraction haying the denominator 
x+y. Ana. — - J — '^ ^ - 

5. Reduce n^x^j^* to a fraction haying the denominator 

J an^x^r/^ — cn^x^y* 

a — c. Ana. • 

a — c. 

6. Reduce ny — aW to a fraction haying the denomina- 
tornV. Ana. ^-5 . 

7. Reduce n"y — a to a fraction haying the denominator 
n^y + a. Ana. — f — ; 

8. Reduce ^r* + 1 to a fraction haying the denominator 

a;* 1 

«' — 1. Ana. -5 L- 

x' — 1 

9. Reduce w' — a to a fraction having the denominator 

. o V — a' — n' + o,n 

a' — n. Ana. s • 

a* — n 

10. Reduce 0^ — y + c to a fraction having the denomina- 



tor oa;*. Ana. 

11. Reduce a H to the form of a fraction. 

X 



ax« 



. ah + ax 
Ana. 



X 

12. Reduce a H — to the form of a fraction, 
c 

. ac + h 

Ana. • 

e 
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13. Beduce ox + - to the form of a fraction. 

X 



Ana. . 



14. Reduce c V to the form of a fraction. 

X 

Ans, • 

X 

15. Reduce mV -j- — ^ to the form of a fraction. 

16. Reduce ah ^z to the form of a fraction. 

a* ^ a^ 

17. Reduce a — x ; to the form of a fraction. 

a + X 

A ^^ 

Ana. 



a + X 



a' + x^ 

18. Reduce a + a: H r — to the form of a fraction. 

a + X 

, 2a^ + 2ax+2x^ 

Ana. 7 

a + X 

19. Reduce a + b — r- to the form of a fraction. 

a + 

A 2a6 

Ana. — r^. 
a + b 

c^ + cP 

20. Reduce e + d y to the form of a fraction. 

c — a 

A ^^ 

Ana. -. 

c — d 

21. Reduce 8 x» — 2 a H -^ — to the form of a fraction. 

7 a?' 
Ans. -^. 
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a' 4- 2 

22. Reduce 3 a to the form of a fraction. 

a 

, 2a' — 2 

Ans. . 

a 

23. Beduce hah oT— to t^^© ^"^ o^ * fraction. 

ob 

, 15a6' — 7a — 2 
^^- 36 

24. Reduce 3 a? — 2y jr ~- to the form of a frac- 

3a? + 2y 

. 6a?« + 4y' 

tion. Am, -s r-o — • 

3a; + 2y 

^s js 

25. Reduce 1 + , , ,, to the form of a fraction. 

a' -f- 

2a' 

a' — 6' 

26. Reduce 1 ^ , . ,, to the form of a fraction. 

o' + 6' 

^^- ^+T'- 

27. Reduce h 1 to the form of a fraction. 

y 



An>. '-±y. 



28. Reduce 1 to the form of a fraction. 



29. Reduce 1 to the form of a fraction. 

y 



Ana. — • 



Arts. • 



a' -4- 2 dx + a?' 

30. Reduce — — j-i — a 1- 1 to the form of a fraction. 

a^ + x^ 



. 2a' + 2aa; + 2a;" 

Ana. rn— F • 

or + x^ 
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SECTION XXXIII. 

Reduction of Fractions to Whole and Mixed 
Quantities. 

Pboblem. Keduce 3 — to a whole or mixed 

quantity. 

Solution. Divide the numerator by the denominator as 
&r as possible. 

c — d)c» + ci+(?(c + 2d 
c'- — cd 

2cd+ cP 
2cd — 2d^ 



8(P 

Set down the quotient as a whole quantity, and if there 
is a remainder, set it down over the denominator. In this 

problem the answer is c + 2 d H j. 

c — a 

EXAMPLES. 

Reduce the following fractions to whole or mixed quan- 
tities : 

^ ax — ay — e - e 

1. ^ . Ans. aj— y • 

a a 

2. i-i-. Arts, n — m + -. 

971 m 

3. ?^-*. An,.b'^ 

a a 

4. P'^+P^-P^ , An,.p + l-q. 

pq 

5. P'^+P<l-P\ Ans. 1. 

pq 

11 • 
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^ 6ffin — 2a - ^ 2a 

7. ^^"'^-^"'P .In*. 16. 

mp 

^ 18a»6a: — 12 cur'— 6a j o r o 5 

8. 5 Ana. 3aJ — 2a? — ^ — 

-, 20aJc— 3ac — 2o - . 3ac + 2c 
9. =— T Ans. 4c z:—i 

10. ^^-^. Ans. a?* —x'y + s^y" —ocy" + y*. 



11. -:7~"!7- -^'**- ^ — ^y + y*- 

12. ^^^-f4. ^n«. a* — a'J + aV —V + -^^ 
- ' *- a + ^ 

13. !^-X_^-. ^Tw. a -6 + 4?I. 
a + 6 a + 6 

14. ?!jL^. Ana. a?* + ar'y + irV + a?y» + y* + '-^• 
a? — y X — y 

15. i— . Ana. c*d — c(P. 

c + a 

16. ^i^. iln*. ?+l. 

y y 

c c 

18. — . -dnt. 4o* — 2c + 2 

c 

19. 2^+2^' ^n.. 2i. 
a + 6 

20- -TT^- ^"'- " + a— T 

21. ?£±Jl+ 2Jx_ ^^ ^ ^ 6y + te 

a + 6 a + 



« + y' 


a^ + J/* 


ar + y" 


a* + 6* 


o+ 6' 


o'+i' 
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22. -7- — . Ana. e + Sd + 



c — d c — a 

23. 7. — r— , . Ans. c + 



2o + d • """" ^2c + d 

a» + 3 a^i + 3 a5» + 5» + c + d 

25. 
26. 
27. 
28. 
29. 

30. . _ 

X — y " X — y 

31. -5 5. Ans. or + arx -i -~ — -= . 

x^ — or x' — a' 

32. — Y-. Arts, ax, 

arr 

o« 4c*x— 5 . ^j , 4c' — 5 

a6^ aft' 

a.y' y —a y 
35. __ — . j^fi^^ Qxy + ay. 



a + 6 




"" • 




-4rw. 


„. + 2a6 + 6' + ^^+^. 


m' + 2 mn + n' — m — n 
m + n 


^JM. J» + » — 1. 


ary + axy' 4- art/* 




^fw. 1 + y + y\ 


aary 


a' -f aft + c 
a+ ft ' 




^'"•* + a + i- 


0' — aft — c 






a— ft • 


a — ft 


^ + y + a?' + 2a:y 


+ y» 


-Itw. 1 + x + y. 


a?'— 45-^ + y' 




J.rM. x— 3t/ ^. 
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SECTION XXXIV. 

Reduction of Fractions to others having the 
Least Common Denominator. 

Problem. Reduce -i ,, ; — .f and -= , to 

or — cr ac + c' a' — ae 

equivalent fractions having the least common denominator. 

Solution. The fractions must first be in their lowest 
terms. The second is not so, both terms being divisible by 
e. Performing this division, the fractions become 

a a J c 

-= j> — ; — f and -z • 

a' — cr a + c or — ao 

We find the least common multiple of the denominators. 
a + c\ a^ — c', a + c, o' — oc. 
a — c\ a — c, 1, a* — ac. 

1, 1, a. 

Multiplying together a -\- c, a — e, and a, we find the 
least common multiple of the denominators to be a* — cu^. 
This is the least common denominator. 

The first denominator is contained in it a times ; hence 
both terms of the first fraction must be multiplied by a. 

a' 
Performing the operation, we obtain -5 -^. 

The second denominator is contained in the common de- 
nominator a' — ac times. Multiplying both terms by this, 

the second fraction becomes -^ =* 

<r — dcr 

The third denominator is contained in the common de- 
nominator a -\- c times. Multiplying both terms by this, 

CLC "^ c' 

the third fraction becomes -5 ■„• Hence the fractions, 

reduced to others having the least common denominator, 
are. 
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EXAMPLES. 

Beduce the following fractions to others having the same 
values, and having the least possible common denominators. 

- a J 6 . Ota .V 

1. Y and - ^n«. v- ai^d t- 
be be be 

^ a c .d . ayz cxz . dxy 

2. - , -, and -• Ans. -^> — > and — -• 
ay z xyz xyz xyz 

^ c d . b . (^ ad ^ bx 

3. — > ~» and— • -dn«. — , , and 

ax ex ae ucx acx aex 

. ax dx .xy . a^x d'x , xv* 

4. J-, — , and -^. Ans, —^-t —7-, and -Tr- 
ay ay ad ady ady ady 

- a + 6 , a — 6 

5. — - — and • 

a + x a — X 

. a^ + ab — ax — bx .a* — ab + ax — bx 

Ana, 2 5 and ^ „ • 

a^ — x^ a^ — x^ 

^ a + 6 ^ a - — b 

6. -, and — — ;. 

a — 6 a + b 

. a' -f 2aft + 6' ,a' — 2ab + V 

Am. j jTj and j ,-5 

a* — b^ or — 6' 

7. o , ,0 and , , ,. ' Am. ^ . ,^ and > , ,. » 

ay , ax 

^ . , and 



^- a«— 62'a + 6' a— 6' 

. a'x a^y — aby , a'x + ahx 

Am. -j 75, — ^ rr^, and — 5 75-. 

a' — b^ or — b^ a^ — 6* 

^ c d J a . aV c^c?" , a'<^ 

^- j5» — i> ^i^d -j. ^rw. Y-oji' "TXj2» *^^^d -J 2j„. 

d* a' c' a'o*a' aVa'' a'ra' 

^^98,5 . 9c 8rf , 6a 

10. — ,» — , and --J. J.tw. — %> — 3, and —3. 

aa ae ed aed acd aod 

2 3 ,4 . 2ef.r 3ax 4ad( 
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.. 7a 9a ^6a . Uax 9a ^Sx* 

14. 77—, -J — ■„ ana 75— . -4.rw. -7— r> 5 — i» ^^^ m' 

2af 4a?»* . 3a 4a?' 4a?* 4ar 

^_ a + a: 4a? ,9a 

o—'X a + ar 2ar 

. 2a'a;' + 4aa?' + 2a :* 8ax»— 8a?* 
^^' 2a'a:«— 2a?* "'2aV — 2a:*' 

9a?— 9aa;» 

16. ^, J, and ^ ^n,. j^-^. ^-^-^, and ^ ^ 

^„ a e m . X I 

6cd' acdH a*e* cu^d' 

. a*e ahc^ hcdm , abx I 

^'*'- ^^5' ^^' ^V '''''^ i^d* 

I 

^« m m' n' , n* , m m^ n^ , n' 

18. -,—,—, and -5. J.n«. —,—,—-, and — | 
n n n w n n n n 

.^ ax + 6 a - 5 

19. T — -^y 5> and 



c^—cP'e—d' o + d' 

J. ax + b ac + ad .be — bd 
^"'- ^^=di' -^ZTdT. and -^—^ 

^^ a ab J a'6 . a*b ac b , a* 

2<>- i' 6«' ^" "'^ ^- ^"'- ^' ^ ^' "^^ ^«- 
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SECTION XXXV. 

Addition of Fractions. 

FiBST reduce the fractions to their lowest terms, then to 
the least common denominator; add the numerators, and 
place the result over the common denominator. 

BXAMPLES. 

Find the values of the following expressions : 
^ a* . abe . a^ + be 

^ a^ayz , a6'c . dhcy . ayz + cxz + docy 

a^i/z ab^y (Pxyz xyz. 

o 8a; . 9a . 6a . 24«« + 9a ^ , 9a 

^- 2^ + 4^» +3-a ^^- — 4?— = ^+ 4^' 

4. S— + -±-^ Am. 1. 

p + q p + q 

^ a + b , a — b . 2 a' +2 J' 

5. — —y H -^. Ana. 



fl 



a — b a +b' ' a* — b 

^ a — X , a + X , 2a 

6. -i -J + -5 -j. ^ns. -ji . 

a' — or a ^-^x a — x' 

7. — ; 1 . Am. 



X + y x. — y ' ^— y' 

o cd , dc , mn . ^ 

8. - J H 1- — . Am. 8. 

ca ao 9717^ 

^ a — b , 6 — c , c — a . ^ 

9a:' 2a'6ca; 7a'a? 



7a6c^ da^b'^x ^ 8a6V 

. 3606a;'+ 1126e' + 245a'c 
^'^- 280 a6«c 

^^ aiedmx , , cfcmx . aVdmx . . 
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12. 1 1 1 1 ^ 


. 2a + 1 


12. „_j « „+j 1 „._4r 


''•f. + s + f 




'-1 + ^^ 


^n,. y^ + ^^ + *y 


15. a_j 1 a + 6 ' + 6' 


A 4o' 


16.1 + 4 + ^ 
«y «/ /i^ 


^^ 7/+8, + 3«^ 
efg 


17. ? + ^ + ^. 


Ant <^ + ^ + ^ 
bay 


,„ a— 6 , a« + i' , a+4 
^''- a + i ' a' — 6' ' a — 6* 


. 3o' + 36' 


a' + x' o_x a' + 2 
^"- a— a; ' a + a: ' o' 


ax + x^ 

— x" ' 

+ aa?' + «» + 2a' + 2a:« 




a'—j^ 


«..'-±i + '7''. 


Ans. X. 



SECTION XXXVI. 

Subtraction of Fractions. 

Prepare the fractions as in addition. Subtract the nu- 
merator of the subtrahend from the numerator of the minu- 
end. Set down the result over the common denominator. 



EXAMPLES. 




1. Subtract ""''from ** + '". 


Ant. X. 


2. Subtract^ from g. 


A 20o 
Ant. 21 • 
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3. Subtract — r-rfrom =■. Ans. -r ^5. 

11 X — — t/ 

4. Subtract - from-. Ans. -• 

X y xy 

5. Subtract — ; — from . Ans. — - — 



X + y X — y ' x^ — y* 

6. Subtract -y from —5. Ans. 0. 

ab cd 

^ rT 1 2 ahcx^ « a^bcx . a^bcmx — 4: obex* 

7. Subtract -7^ — ^— from r-^ . Ans. =-q — 5 • 

9 m^n 18 mn 18 mrn 

8. Subtract „ . from -r— j. Ans. — r-, . 

9. Subtract —7c — from —7^; — . Ans. • 

2a 2a a 

^^ rx 1 a + x^ 2a J. a' — Aax — x* 

10. Subtract from — ; — . Ans. 



a — X a + x' ' c? — x^ 

a — b « a + b 



11. Subtract -^ £,from ^ , ^v-r 1 r r -^^** 0* 



12. Subtract = from : 



\—al—a^' 
13. Subtract ^ from 



^718. 


1 

1 


a 

— a"' 


*"• a;'- 


13 X 


+ 42' 


c 


— 6 





a: — 6 x—T 

14. Subtract =- from . Ans. -5 ^ ^^ — r-j— 

a — a — c a' — ao — og + be 

1 2 

15. Subtract :r—, — from :; •,. 

1 + a 1 — a' 

X oc^ 

16. Subtract -from-5. 

17. Subtract ?Jl^ from 1+^. ^^. ^ + «^-y-«y 

X y xy 

12 



^n«. 


1 + a 


1 
1—a' 




Am. 


a;* — ex 
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18. Subtract r fron^ rT • -^w*- 0. 

a — 6 a + 6 

19. Subtract - from -. Am. -^ • 

y X xy 

20. Subtract — r-r from -. ^tw. 



a? + 1 X ' a^ '\- X 



SECTION XXXVIL 

Multiplication of Fractions. 

The process is the same as in arithmetic. Multiply the 
numerators together for a new numerator, and the denomi- 
nators together for a new denominator, cancelling common 
factors of any numerator and any denominator. By such 
cancellation, the result will be in its lowest terms. 

EXAMPLES. 

Find the values of the following expressions : 
, ISal'bcx 21 (^abm 25 a*cV ' 6V 



Sd(*mn 27aVa: SOa^ca^' 3a»nx 

^ 12 a^x « 18 aiy . c^x . ab^c'y 

15 ay 72 ax^ am* 5m» 

3. - of -. Ans. — 

. a (5 - ac 

4. --x^. ^'«--6d' 



132^^y°*~55^ ^ 12mn "* 66' 

18 
6. -J-, of 5 {t*c»a7. Ana. 90 a'cx. 
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7. 11 a'mVo: x -r^-.. Arts, 99 oc'riV. 
mrxar 

t/* w'cx* 144 aVx * 4a*a;' 

^ 23 aV 17a;y . , 23aa:' 

9. ^^—f-z X — :t^ of — car. Ana. 5—5-. 

10. 21a6c X „Z2 of ^ — X :r=. Ana. ^. 

7 b^e 9Sxy 16 3 

11. — abe X X axy X 7—- -i»w. 

axi/ ^ OCX X 

^ Samm? 161 my 2 . am^ny* 

^^ 25 a^y'^z llv^zy^ 24tc^ux . u^xi^z^ 

^'^' ""mmVg ^ "50^ ^ ISTg' ^^* ~i8^V' 

^^ i3iy "^ 49^3-, of 91. Aru^. -^^-. 

^^ 9a' ^a*—x* „25bx . 16a— 16a: 

15. o— s 01 — ; — of oc L ' -4w«. =— ^ . 

3 a* a + X 35 o^a? 7 a' 

17. ^ + ^^ + ^ of 39r«' of ^*. .ln«. p. 

18. — ^ X — TT X a —6. -An«. a' — 6*. 
a — 6 a + 

^_ c — cc e + x e — x . 1 

19. -5 -5 X X , , , . J.n«. »— — i 

20. — i-:r of ^^4 of ^'. ^n«. a;l 

X + 1 X 1 

21. ex X ct/ X — . Ans, c\ 

xy 

22. (aj^ —2/') X • -Ana. y. 

a — y 
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23. — , — of—; - of -5 27 ; — > Am. 

24. of — , — of — \ — . Aim. -^ — i- 

X — n x + n 1 x^ — vir 

25. of of -;. Am. 



n — a ay ar** * a^y 

26. — - ol -3— of -2- ^^—5—- ^^- ^20- 

27. A of-lU X ^ti of -^^. ^n.. ' 



a o+ft a a — 6' * o* — a'ft 

28. -^— r -, of — j — -r- of p, . Aim. s- 

a' + c' o' — c* 9 3 

ftft 5a: + 5w; «3a?4"3w ^x —^va , x -h w 

29. 5 5— of= r— =— of — s— . -Ana. — TT — 

3a? — Sw dx + 5w 9 9 

a?ft' c*a?' a'ft^a? ft 



SECTION XXXVIII. 

Division of Fractions. 

The process is the same as in arithmetic. Invert the 
divisor and proceed as in multiplication. If the divisor is 
a compound fraction, invert every component fraction of it 

EXAMPLES. 

Find the values of the following expressions : 
1 6 aVy ^ Idc^cy* . x_ 

13«'&«^_12ia»cW Ans -^^^—. 
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126 x*2/i* ^^ 

6. 183 c'£fa?V -^ o 8 2^ ' 

7.Ua. 
a 

a 

21 c'c^a a^ o'cdx* ^ Soc'da;' 
32 otcirV 7 a6ct/ * 16 iy* 

13 mrny 99 na^a; 

225 rW a; . 15r»a» ^^ 22c'a: 
51«^pg * 11 a*c 3ca;** 

^^ 31 mnop* ^ 125 p* ^Sacmnop 

~ Tabp^ "^ 3i6^c" "25"^' 

13. 1|^^ of 18 -T- 162. 
5/c 

3j; + 3t/ • 
15. 



Arts. 



nr 



-w« 



9 

m — w 
w + n 
e + d 



Ifi g*^ + g'<^ . 

c'd^ — e'd' • c — 1 

17 ^ + ^ ^ tt— t 
* a — 6 ' a + b' 

^ ^ arn^x — am^y ^ ex' • ^,y 

9o"»cV • aVa; +~^^* 

12* 



^n«. 
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, ax 

3g' 
1375 x'yu 



iin«. 



6oVda;y 
-4n«. 1. 



-Irw. -j. 



iin«. 



-a'. 



-cy' 



. doi" 

^^- 3-i^- 

^ 15 g'fc* 
34j5gr/ 

. 31 bx*u 

Ana. — -^^ -^. 

. 2Aife^ 
5 c/ 

^n^. 3. 

m' + 2 mn + n' 

Ans. J. 
a 

. a'+ 2 ab + 6' 
- am' 
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19. g-^ofg^-^ ^^-^^^ An,. 1. 

q + r <i—r^ g« + ^ + i^ 

20. ~ H 5-5 — :ys—r^ Ans. 81x + 81. 

X — 1 9ar — 18;!; + 9 



SECTION XXXIX. 

Reduction of Complex Fractions to Simple Ones. 

The process is the same as in arithmetic. First reduce 
mixed quantities to improper fractions, compound fractions 
to simple ones, etc., so as to have the numerator of the com- 
pound fraction nothing but one simple fraction, and the de- 
nominator nothing but one simple fraction. Then multiply 
the upper nqmerator by the lower denominator for a nu- 
merator ; and multiply the upper denominator by the lower 
numerator for a denominator. The resulting fraction should 
be reduced to its lowest terms. 

Problem. Reduce 7- to a simple fraction. 

,4c 

Solution. The numerator, - of -7-1, reduces to -r-r 

The denominator, a •{ r. reduces to ; . The com- 

ah ah 

nc 



plex fraction then becomes —^, — . — 7-. 

o't> -f 4 c 

ab 

We now multiply ne by ab for a numerator, producing 

abnc. Then multiply a^6 + 4 c by a'-c* for a denominator. 
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producing <j^hx*' + 4 c?cx\ Hence the resulting fraction is 
,, . . . , ^ » Both terms can be divided by a, reducing 
hnc 



EXAMPLES. 



it to -r^ 


* + 4a'cx^' 


Reduce the following 






a 




1. 


b' 
a 

X 






a 




2. 


h 

• 



d 

o'to 




3. 


ai'y 

am*' 

x'z 




4. 


ft 




5. 


C 

a 




6. 


-1 

n 71 




7. 


3y 

5z + 6 
2 


^ 


252 + 30 



Ans. Y' 





. ad 

Ana. -J— 

be 



. az 

Arts. . 

mxy 



. rVa?V 
Ana. — 2-2~^- 



Ana. —,• 



^n,.2!Jl^ 
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8. -^. Am. -J-. 

3 



9.±. 



3 ' An8. -. 



a 



a 
625 o* 



12. 


3 


416^ 
2mn' 


13. 


3mn' 


4m'« 



6m*n 



1 

a 



16. —I r— -4n«. 



a 


— X 




a 


+ x 




o' 


— X* 


• 


o' 


+ 01' 

a* — 


a;" 




m' — 


n' 


o' 


+ CU 


+ a^ 



7m' 



10. ^^ ^'*^- 66^,- 



9f 

144 
2 ' An8, 



11.^. . 72 a 



J.n«. 



1 

5000 a' 
9987 * 



Ans. Z-. 



14. ~zr- 9 a 



ax + a? 



a + X 



It). — ^ — j_^^ 



m + n 



w- 



17. -z =-. ^rw. . 

a n 
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18. «_^'. Ans. ^^. 

-of - 
a^ 

19. il«. Ans. -4^±^.- 

20. — « ^'"- -?- 

a 



SECTION XL. 
Clearing an Equation of Fractions. 

If equals be multiplied by the same number, the results will 
be equal. 

Take 2 = 2. Multiply both of the equals by 3. Then 
wa have 6 = 6. 

Take 5 = 3 + 2. Multiply both of the equals by 6. 
Then we have 30 = 18 + 12. 

Take ^ = | + i- Multiply both of the equals by 4. 
Then we have 2=1 + 1. The equation has been cleared 
of fractions. 

In order to clear an equation of fractions, multiply every 
term by the least common multiple of the denominators. 

X OC X X 

Problem 1. Given t "f" q — 1 9 = 7 + ^t> *o ^^^ ^^® 
value of X. 
Solution. The mixed number must first be reduced to 

X X X X 

an improper fraction. Then we have 7 + 5 — 10^7 "^ 
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30 

-=-. The least common multiple of the denominators is 84. 

Multiply by 84. As it is a multiple of the denominators, 
every denominator may be cancelled in the multiplication, 
giving 21 X + 28a; —7a; = 12a: + 360. 

Transposing, 

21x + 28x — 7a?— 12a;= 360. 
30 a; = 360. 

Pboblem 2. Given q + 5+i = ~»*^ ^^ ^® value 

of x. 

Solution. Here, the least common multiple of the de- 
nominator is 36 X, Multiplying every term by 36 a?, we have 
4a? + 6 a; + 9x = 36. 
19 x= 36. 

X as HX 
EXAMPLES. 

Find the value of a; in the following equations: 

'■tI + t + t+t-"'- ^-'-^- 

2. 29a? — 28a7 + ?^ = 8 — 4J. Am. -x = 2. 

3. TT — 4 + 407 = 88— 4a?. Am. x = 11. 

4. i^ _70 = —X —4a; —32. Am. a? = 5. 

6. I + 1-1 -f 2a; = — 5. ^rw. a; = — 2^. 

7. | + 12«=4x — ^+80. ^m. a; = 8. 
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8. 3a! + 1= m-4a?— 3^. Ant. x = B^. 

10. I = 15 + 5. Ant. X = 40. 

11. 1 + 25 = — 15. Ana.x = —m. 

12. ^ _ 3^ = — 3a! + 103 + 76^. Ana. x = 19. 

13. I + i^ + J = 33f —X. Am. x = 'iA. 
14 -t-? = ar — 36 + ?-7-. ^n«. x = 36. 

10. 2 " = 7 — • -^^« a? = 5. 

10. _ — = — 1. Am, a; = 1. 

^„ - , 4a? 2:c , llx -h 11 . 

17. 5a? + — = — + ^— . ^n«. a; = 25. 

^^- 4^+3^-8-a? = ^^- ^n.. a: = 6f 

19. ^' + I —^^ + I = — 25. ^rw. a? = — 35f. 

^^ 2a?— 7 , 3a; — 2 ^ . 

20. — ^ h — ^^ — = a? — 7. Am. x = 17. 

oi K 7a? 5a? , ^. 7a? . 

21. 5a; ^ = — + 64 — y. ^n«. a? = 9|. 

22. a? + ^ + ^ + 1 = —30. Am. a? = — 16. 

^„ 16a? — 68 „ 

23. = = 2a? — 7. 
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24 30x = 29|. Ani. x = \\%. 

23 22^+_2_47£^ll A^.^X. 

26. — f + |a? — |-« — 3i. ^n». x = 9|. 

4 4 o 

27. I -27 a: +^ = -243V Am,x^\%. 

-0 5 ar 10 X — 21 _„ . 02 

14 2r — ■" * — 8|. ^n». a; = 8|. 

29. 5x — 86 «= X — 17i. Am. x = 17J. 

80. X + '^^ = ^^i + 12. Ant. x = 12. 

4 oO 



SECTION XLI. 
Questions producing Fractional Equations. 

Problem 1. John has ^ as many marbles as Greorge, 

7 
when Greorge gives John 36 marbles. Then ^ of John's, 

2 

plus Q of George's, amount to 50. How many had each at 

first? 

Solution. Let x stand for the number of George's mar- 
bles. 

Then ^ of x, or -v-, is the number of John's, 
o D 

When George gave John 36, George had left x —36. 
John then had -g — h 36. 
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7 2 

Now, we must find j^ of John's and ^ of George's. 

7 ^/5a: , ^^\ . 35a: , 63 

I of (^-36) is ^-8. 

Then We have the equation, 

35a? ,63 , 2a; 
-96" + 4 + T -® = ^^- 
Clearing effractions, 

105 X + 4536 + 64 X — 2304 = 14400. 
Transposing, 

105x + 64 a; = 14400—4536 + 2304. 
169 a: = 12168. 
a: =72. 

Then -^ = 60. Hence John had 60, and George had 72. 

1 Q 1 ^ 
Problem 2. At what o'clock does ^ of ^ of -=- of the 

time from noon equal the time to midnight ? 

Solution. Let a? equal the time since noon, (in hours.) 

1 3 15 
Then ^ of » of -=- of a; is the time to midnight. 

Now, ^ofgof y ofa:= ^ 

Then, since the whole time from noon to midnight is 12 

hours, we have the equation, a? + ^ = 12. 

Clearing of fractions, 7 a: + a: = 84. 

8a: = 84. 
a;=10i- 
Hence it is half-past ten in the evening. 



18 



r 



146 ELEMENTARY ALGEBBA. 

EXAMPLES. 

1. Find a number to which if its third part be added the 
sum will be 48. Arts. 36. 

2. Find a number such that if it is increased by ^ of it- 
self, j of the sum will be 22 less than the sum. Ans. 22. 

3. Find a number which being added to its fourth part, 
the sum will equal half the number, added to 15. Ans. 20. 

4. One-fifth of a cistern was filled with water. By add- 
ing 5 barrclfuls j of the cistern was filled. How many bar- 
rel fu Is of water would it contain in all ? Ana, 100 barrcl- 
fuls. 

5. A spent | of his money, and then received $1. He 
then spent ^ of what he had, and $8 remained. What had 
heatfirat? Ans. $20. 

6. Find a number whose half, third, fourth, and fifth 
parts added, are equal to 154. Ans, 120. 

7. Find a number whose sixth part exceeds its ninth part 
by 5. Ans. 90. 

8. B's age is 2 j^ times A*s. The sum of their ages is 47 
years. What is the age of each ? An^. A is 12 years old, 
and B 35. 

9. Divide $60 among A, B, and C, giving B | as much 
as C, and A § as much as C. Ans. A must receive $12 ; B, 
$18; and C, $30. 

10. Divide $60 among A, B, and C, giving B | as much 
as C, and A ^ as much as B. An^. A must receive $10; B, 
$20 ; and C, $30. 

11. A merchant lost ^ of his capital during the first year. 
The second year he gained | as much as he had left at the 
end of the first. The third year he gained y\ of what he 
had at the close of the second, making his capital $7000. 
What was it at first ? Ans. $5000. 

Note. Let x = his capital at first. He lost % and had _ re- 

6 6 
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4x 4x 

maining at the end of the first year. Get | of -r-, and add it to — -, 

to get what h»had at the end of the second year. Get then -^ of 
that result, and add it to that result to get what he had at the end 
of the third year. 

12. My capital is $2220, being 11 per cent, greater than 
it was last year. What was it last year? Ana. $2000. 

NoTB. 11 per cent, is •^^. 

13. Divide 32 into two parts such that ^ of one may equal 
j of the other. Ans. 12 and 20. 

14. Find a number whose fourth plus its third less 12, 
equals its half less 6. Ans. 72. 

15. At what hour does ^ + i + ^ + rs of the time past 
noon equal the time to pass before midnight ? Ana. 4 p. m. 

16. Divide 325 into two parts, one of which is If times 
the other. Ajis. 125 and 200. 

17. If you multiply a certain number by 3, add 4 to the 
product, divide the sum by 5, and subtract 7 from the quo- 
tient, the remainder will be 10. What is the number? 
Ans. 27. 

18. If you add 6 to a certain number, divide the sum by 
9, add 16 to the quotient, and multiply the sum by 3, the 
product will give the number itself. What is it ? Ans. 75. 

19. A's capital was at first | of B's. A gained $100 and 
B lost $100. After this j^ of A's capital added to the 
whole of B's amounted to $6500. What had each at first ? 
Ans. A had $3300, and B $4400. 

20. A man spent $14 more than 4 of his money, and had 
$6 more than I of it left. What had he at first ? Ans. $84. 

21. A and B have the same income. A saves 10 per 
cent, of his. B spends $75 a year more than A, and saves 
$125 in 5 years. What is the income? Ans, $1000. 

22. A merchant sold his stock, good-will, and fixtures for 
$50,000, receiving 5 times as much for the good-will as for 
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the fixtures, and 3} times as much for the stock as for the 
good-will. What did he receive for each ? Ana, $38,000 
for the stock, 810,000 for the good-will, and 82000 for the 
fixtures. 

23. From a certain sum I took its fourth part, and then 
added to the remainder $29. I then took away the tenth 
part of this, and afterward added to the remainder $25, 
which made it $70. What was the original sum? Ans, 
$28. 

24. A young man spent | of his yearly income for board 
and lodging, j of the remainder for clothes, and ^ of what 
was left for amusements. The rest, $400 per annum, he 
saved. What was his income ? Ans. $1600. 

25. A laborer was engaged for a year at $440 and a suit 
of clothes. He left at the end of 5 months, receiving $160 
and the suit of clothes. What was the value of the suit of 
clothes? Ans. $40. 

NoTB. What he receiyed was 3^ of a year's wages. 

26. A bought stocks amounting to $3000. B bought 
stocks amounting to $2000. A sold a certain amount of 
them, and B sold half as much as A. A then had 1^ times 
as much as B. How much did each sell? Ans. A sold 
$1500 worth, and B, $750 worth. 

27. A quantity of pure water being decomposed, | of it 
by weight plus 12^ ounces was oxygen, and j% of it by 
weight less 15 ounces was hydrogen. What was the quan- 
tity of water ? Ans. 90 ounces. 

Note. If x represent the quantity of water, the two parts of it 
added together equal x, 

28. A father divided a certain sum of money among his 
four children at a fair. To the oldest he gave 65 cents less 
than ^ of it ; to the second, 25 cents less than ^ of it ; to 
the third, 9 cents more than i of it ; and to the fourth, the 
remainder, which was 70 cents. What waa the whole 
amount? Ans. $3.30. 
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29. Divide the number 22 into four parts such that if the 
first be increased by 4, the second multiplied by 4, the third 
diminished by 2, and the fourth increased by 2, the results 
shall be equal. Ans, 4, 2, 10, and 6. 

NoTB. Let X stand for any one of the equal results. Then x — 4, 

_, X + 2, and x — 2 are the parts. 
4 

30. In a certain quantity of Chinese gunpowder, the nitre 
was 19 lbs. more than | of the whole, the charcoal was 16| 
lbs. more than | of the whole, and the sulphur was 29 lbs. 
less than ^ of the whole. What was the amount of gun- 
powder? A718, 162 lbs. 

31. Divide $870 between two men, so that ^\ of what the 
first receives will be equal to ^^^j of what the second receives. 
Ana. The first receives $370 ; the second, $500. 

32. A merchant buying goods spent at one store | of his 
money and $300 more, when he had $3000 left. How much 
had he at first? Am. $4400. 

33. Divide 63 into two such parts that if the less be di- 
vided by 5 and the greater by 4, the sum of the quotients 
will be 15. Ana. 15 and 48. 

34. An estate is to be divided among three children so 
that the first shall have $1400 less than half its value; the 
second, $1300 more than | of its value; and the third, 
$840 more than ^ of its value. What is its value ? Ana. 
$14,800. 

35. A man has a lease for 39 years, and | of the part of 
it which has expired is equal to /tj of the part yet to run. 
How long before it expires ? Ans. 24 years. 

36. What number is that whose ^ added to its 1 makes 
32? Ana. 60. 

37. A, B, and C gave a certain sum of money to the 
poor. A gave ^ of it ; B, | ; and C, $50. What was the 
sura? Ans. $120. 

38. A lived in his house 24 years, during which time an 
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addition was made to it One-third of the time he lived in 
it before the addition was made, is equal to ^ of the time he 
lived in it afterward. How long is the latter time? Ans. 
15 years. 

39. After paying away j of my money and | of what re- 
mained, I had still 875. How much had I at first ? An8. 
$120. 

40. What number is that from which if 21 be subtracted 
{ of the remainder will be 60? Ana. 121. 

41. After paying away } and J of my money, I had $84 
left How much had I at first? Ana. $144. 

42. A gamester staked | of his money, which he lost, but 
afterward won S3, when he had $42. How much had he 
at first? Ana. 952. 

43. A gentleman spent in one year | of his income for 
the support of himself and his family, and | of the remain- 
der for a piano. There was $200 left. What was his in- 
come? Ana. $1500. 

44. A horse and a chaise are together worth $800, and 
the chaise is worth 1§ as much as the horse. What is the 
value of each? Ana. The chaise is worth $500, and the 
horse, $300. 

45. A house rents for $924, which is 10 per cent, more 
than last year. What was it last year? Ana. $840. 

46. A and B have the same income. A contracts an 
annual debt amounting to J of it. B lives on | of it. At 
the end of 3 years B lends A enough to pay his debts con- 
tracted in that time, and has $135 of his savings left. What 
is the income of each ? Ana, $540. 

Note. Interest is not to be counted either on debt or savings. 

47. What number is it whose ^, 4, and | are together 
equal to 92? Ana. 105. 

48. A person, after spending $300 more than 4 of his in- 
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come, had remaining $200 more than ^ of it. What was 
his income ? Ana, $900. 

49. Find a number such that if it be increased by 9, the 
snm shall equal | of the number plus 13. Ana. 16. 

50. From a purse containing a certain sum there was 
taken $10 more than its half, and from the remainder, $3 
less than its fifth part, when $55 were left. How much did 
it contain at first ? Ana. $150. 



SECTION XLIL 
Revie^v. 

EXAMPLES. 

3a; 

1. Divide 21 a^y by 35 x^y*n. Ana ^-r- . 

•^ oyn 

2. Add together abc, acbj and cba. Ana. 3 ahc. 

3. What are the factors of a^ — x^t 

Ans. a + X and a — x. 

4. What are the factors of 25 a^'6' V — 9 cU'e^f ? 

Ana, 5 a«6V + 3 (PeJ and 5 a«6V — 3 rfV/. 

5. What are the factors of 4y' + 12^2:' + 92*? 

Ana. 2 y + 3 2* and 2 y + 3 z». 

6. What are the factors of nV — SOm^n^xy + 225 m'^^x^? 

Ana., n^y — 15 tt^x and nV — 15 TrS'x. 

7. From — 8ap«— 17xy» + 5 take— 8a;* + 5a?V— 3. 

Ana. — 17 xy^ — 5 x'y + 8. 

8. Add — a to — b. Ana. — a — 6. 



9. Eeduce ^ 1" — to a simple fraction. Ana. -• 

(rn a 

'cT+'ah 
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a: +27 ^ x —IS x— 23 , 9 x+ 6 7 

10. Given, -^^ + -^^ = — jg- + ^-, to 

find the value of a:. Ana. x == — 7. 

11. Divide 12 aVx* — 16 aVa* + 9 aVx* by — 2 a^ca^. 

Ana. — 6 c^cx + 8 ocV ^ — 

X jjs ic't/' 13 ziD 

12. Reduce - of -5 of — |- of -— j-- to a simple fraction. 

y y z Or 

ISarw 
Ana. • 

13. Add "^^^^^ £^=1^, and !i^. Ana. 0. 

1 2 3 fi 
14 Find the value of a: in the equation - + - + - = 6. 

HC 3C X 

Ana. X = 1. 

16. What is the value of the expression 3 + 6x9 —5? 

Ana. 52. 

16. What is the value of the expression (31 — 4) -^ (4 + 

3x9—4)? Ana.l. 

17. Multiply 6 —1 by 6 — 2, and subtract 6 from the pro- 

duct. - Ana. b' -4b + 2. 

^€Lx be , an ex , am 

18. What is the value of --j^ + ^-^ + ^ + 

^f Ana. 4 

X 

19. Reduce ^~^~ to ita loweat terms. Am. j^^- 

20. Divide a>» + o"ar + ox" + a;" by o" + ar». 

^ns. a + a;. 

21. Multiply together ^f33j,, ^r^:^;. -^^tj' ~T~' ^^'^ 

a'-2a6+_g ^^. « " ^ 

a + b 4 
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4 (x 4- 5) 

22. Find the value of x when x ^ = ^^ 

Ana. X = 5. 

23. Find the value of (9 ahc —lQy^ + Sra)— (12 abc + 
5 yj — ra + abc). Ana. — 4 oic — 21 1/' + 4 ra. 

24. Divide — =-^ — hy — j— • -^^- — o — 

25. What is the number whose fifth part divided by 3 is 

equal to 7 ? Ana. 105. 

26. Divide o' + 2 acx + c^oc^ hj a + ex. Ana. a + ex. 

27. If 40 a? is equal to 16 X (2x + 1), what is the value 

of X? Ana. X = 2. 

28. Reduce x — y to the form of a fraction. 

X —y 



A^. ^'-2^ + y'-i. 



29. Reduce ?LdL?-^_^-±-lL to its lowest terms. 

Ana. . 

X — y 

30. Add hm^n^p + 3mVy — llwiV/?, 3mV;) + mV;> 

— 5 it^r^p^y 3 mWj3 + 16 mVj^' — 12 mV^, and 
3 mVj)* + 21 mWp — 5 mV;). 

^rw. 32 mW;) + 17mWy — 27mVp. 

REVIEW QUESTIONS. 

What is an exponent ? a coefficient ? Name the exponents in the 
expression 24 a^A'y*. What do they show ? 

What is a monomial? a binomial? a trinomial? a polynomial ? Is 
a binomial a polynomial ? 

Write two monomials, two binomials. 

Is a + ^ * polynomial ? Is 36 aH'^ a polynomial ? 

In what ways is ninlti plication expressed? 

In what ways ia diviBion expressed ? 

Explain the use of a parenthesis or of a Tincolum. 

What 18^^25? \/«V? v^«"? 
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What are similar terms ? How are they added 7 

Explain the process of subtracting — a from c. 

What is the reason that a quantity which is transposed from one 
side of an equation to another, must hare its sign changed ? 

Explain the multiplication of — 4 by 6. 

What do we mean by multiplying by a negative quantity ? 

What is the rule for signs in multiplication and division ? 

What is the rule for indices in multiplication ? in diyision ? 

Explain the division of — x by — y. 

What is meant by elimination ? When is it necessary ? 

What is the square of the sum of two quantities equal to ? the 
square of the difference ? the product of the sum and the differ- 
ence? 

What is meant by factoring T What is a measure of a quantity ? 
What is a prime quantity ? 

What is a multiple of a quantity ? 



SECTION XLIII. 

Elimination. 

It has been already explained that when we have two 
equations, containing two unknown quantities, one of them 
must he eliminated before the equations can be solved. Three 
methods of doing this are in common use. One of them, 
elimination by addition or subtraction^ has been already ex- 
plained. They will, however, all be brought together here, 
for the sake of a comprehensive view. 

Example. Given 

■\3 8 9 8 ' r 

1(^-10) fi/-6) = 5 + (a: -5) (t/-8) j 
to find the values of x and y. 

The equations must first be brought into the form proper 
for elimination. 
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Clearing the first equation of fractions, we have, 

48 a?— 45 = Sy—72 + 45 a;. 
Transposing, 

48 a;— 45x— 8y = — 72 + 45. 
3a?— 82/ = — 27. 

Performing the operations of multiplication indicated in 
the second equation, xy — 6x — 10 y + 60 =s 5 + xy 
— Sx—5y + 40. 

Cancelling xy, and transposing, 
— ex—lOy + 8a; + 5y = 5 + 40—60. 
2x—5y = —15. 

The equations are now reduced to forms suitable for 
elimination ; all the unknown quantities are on the left of 
the sign =, and they are collected into as few terms as 
possible. This must he done before any method of elimination 
is used. We will now take these equations and show how 
the values of x and y may be found in three difierent ways. 

1. EUmlnation by Addition or Subtractioik 

(Sx — Sy=^—27\ 
\2x — 5y^ — 15j 

Multiplying the mem- 
bers of the first by 2, 6a; — 16y = —54. 

Multiplying the mem- 
bers of the second by 3, 6x — 15 y = — 45. 

Subtracting, — y = — 9. 

Or, y = 9. 

Substituting — 5 times 9 for — 5.y in the second equation, 

2a-— 45 = — 15. 
Transposing, 2aj = — 15 -f 45. 



2 X = 30. 
X = 15. 



Hence x = 15 and 2/ = 9. 
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2. Elimination by Snbstitation. 

<Sx—Sy = —27.') 
12a7 — 62/ = — 15.| 

In this method, find the value of one of the unknown 

quantities in one equaUon, just as if the other quantity were 

known. Thus in the above equations, 2 x being the simplest 

term, find the value of x in the equation that contains 2 x. 

Thus, 2x— 52/ = — 15. 

Transposing, 2 ar = by — 15. 

_^, I rt 5 V — 15 
Dividmg by 2, x = -^—k • 

Now the other equation contains 3 x» Multiplying the value 

\^y 45 

of X just found by 3, we have 3 a: = — ^-^ . 

Substituting this instead of 3 x in the first equation, we 
have 15y-45_gy__27 

This equation contains but one unknown quantity, and 
can be easily solved. i 

Clearing of fractions, | 

15y— 45— 161/ = — 54. , 

Transposing, 15 y — 16 y = — 54 + 45. 

Collecting, — y = — 9. I 

Whence, y = 9. 

We found before that x = • 

Putting 45 for 5 y, we have 

45—15 30 ,^ 

Hence x = 15 and y = 9, as before. 

This method is generally longer than the first, though 
when the coefficient of x is unity, and in a few other cases, 
it may be the shortest. 
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3. EUminatioii by ComparisoiL 

(Sx—Sy=-—27.\ 
|2x — 51/==— 15.; 

In this method find the value of the same unknown quan- 
tity in both equations, just as if the other quantity were known. 
Thus, 

3a?— 8t/ = — 27. 2a: — 5y = — 15. 

3 a; = 8^—27. 2ic = 5t/ — 15. 

8y— 27 by— lb 

Now, we have here two values of x ; and as they are 

values of the same thing they must be equal. Hence we 

, ,. 81/ -27 5y — 15 
have a new equation, - — ^ = x • 

Clearing of fractions, 16 y — * 54 = 15 y — 45. 
Transposing, 16 1/ — 15 y = 54 — 45. 

y = 9. 

by— lb 



Now, afi before, a: = - 

Putting 45 for 5 1/, we have 



45—15^30^ j^ 



2 2 

Hence a; = 15 and t/ = 9, as before^ 

Rule for Elimination by Addition or Subtraction, 

Multiply or divide the members of each equation by such 
numbers as will make one of the unknown quantities have 
equal coe£Scients. 

Then add equals to equals, or subtract equals from equals, 
BO as to cancel or eliminate that unknown quantity. 
14 
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Bide for Elimination by Substitution, 

Find the value of one of the unknown quantities in one 
of the equations. 

Then substitute it for the unknown quantity in the other. 

Rule for Elimination by Comparison, 

Find the value of the same unknown quantity in both 
equations. 

Then place these two values equal to each other. 

EXAMPLES. 

Solve the first five examples by each of the three methods. 

1. Find the values of x and y, when y + j? = 6 and 
y — x s 4. Ans, a; = 1 ; t/ = 5. 

2. Find the values of x and y, when 4 a? + 2 1/ = 20 and 

3a? — 6y = — U. Ans. ic = 3 ; y = 4. 

f 2 v -4- 5 2 5= 29 1 

3. Given -jo^—^ =lli^^ ^^^ *^® values of y and z. 

Ans. y = 7; z = 3. 

4. Find the values of x and y in the following equations: 

5. Given { ^ n x = 13 v 1 ^ ^^^ ^^^^ ^ ^^^ ^ ^^^ 

equal to. Ans. a? = 13; 2/ = 11. 

In the following pairs of equations find the values of x 
and y by whatever method seems most convenient. 

_ f 4a; + 2v = 2. ) . , , 

^- X2x + 3y=2.\ Ans.x = \',y=.^. 

8- {%±l=12.} ^»«.ar=6;y 6. 
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Ana. « = 4 ; y = 6. 



rea;— 244 ) 

< 220 ~ •^- V 
(. 5y—Bx = 18. ) 



■2a;— 6 Z^ 13j/— 80 



10. ^ 



— 2rr. 



12 16 8 

X + y _ — 6a: + 5y 
5 ~ 7 

jina. ar = 9 ; y = 16. 
2x—y 



) 



(. 9a; + 63y = 35. j 



12. -^ 



3ar + 4 3y— 0! . , 
—5— + —4 5a= + 



^na. X = — 2; y = 1. 
7y_6x— 5 •\ 



13. 



2^ + y Q is 

g— ^ —3a; = y — 15. 

Ans. X = 7; y =5 —3. 
2a;— 3 y _ 8a;— 9y 
5 



55 



+ 1. 



« + V'-t' + - + s- 



Am. a: = 4^ ; y = {. 



14. 



15. 



r 6a? + 4y 2 _ 1 ) 

< 35 3 ~ 3* y 

( a;— y— 17^ = 5y+ 6ai.j 



Am. X = 17^ ; y = — 17 



{ — y + 5a? — 19 = — 3y + 4« — 11.) 
- 4. y — 2554- 2.y L 

4 "^2- 52 • j 



16. -( 



lla; + 9y 
99 



Am. X = 4; y = 2. 



= 2. 



^-^ + 10^^ = lla; + 12. 



Am. X = 9; y =11. 
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1*^- ^ x + y _ x—y + 9 

"n 6 

Ana. j: = 4 ; y == 7. 



\ « + y = 34 i 

r2y— 3a;— 6=-7a;— 8y — 56.) 
J 3ar + 16y. V 
\ x + y 7— I 



18. 

J X + y = 34 

^n«. X = 21 ; y = 13. 



19. 

I - . *- 7 

Ant. » = 9 ; y = 4 
20-{l:±|? = J2:} ^«*- = 5;y = 4 

21. -^ ^!i-_y _ 3_x-3y 1^ iln... = 7;y=2. 

^ x—y + 4 _ 
22 



Car— y + 4 3x + 6y „, ) 

^ — 5 rs ^^7 

( X + y = 2y. ) 

Ans. X = 6 ; y = 6. 

(x + 2y _'i:ziy) 
23 < ""17 16 ■ > Ata. x == 100; y = 1- 

(^ a: — y = 99. j 

(3^21^ _ 3y + » 1 
24. ^ 5 35 ■ >■ Ans. x=5; y = 10. 

(.« + 4y = 45. ) 

„ pa; — 5y = 6. 1 ^iw. « = 8;y = 2. 

25- |3ar + 3y = 30.; 
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SECTION XLIV. 

Questions producing Equations -with Two 
Unkno^A^n Quantities. 

1. Find two numbers such that ^ of the first plus ^ of 
the second equals 9, and | of the first plus I of the second 
equals 8. Aiis. 20 and 15. 

2. Find two numbers such that the greater plus ^ of the 
less equals 23, while the less minus ^ of the greater equals 
11. Ans. 20 and 15. 

3. Find two numbers such that j^^ of the first less | of the 
second equals 8, and ^ of the first less j'^ of the second 
equals 48. Ans. 720 and 512. 

4. There is a number represented by 2 digits whose sum 
is 9 ; and double the number added to 18 gives another 
number represented by the same digits in an inverted order. 
What is the first number ? Ans, 27. 

Note. See the note to Example 4 of Section 29. 

5. A man has two horses ; also a saddle worth $50/ The 
value of the best horse and the saddle is double the value 
of the other horse. The value of the latter horse and the 
saddle is | of the value of the first horse. Required the 
value of each. Ans. The first horse is worth $250 ; and the 
other, $150). X6 P J?r ' ^ _ ■ ***^ 

6. Two casks contaffl^vjie , aSll | of the contents of the 
first is 20 gallons less than f of the contents of the second, 
while ^ of the contents of the first is | of the contents of the 
second. How much does each contain? Ans. The first con- 
tains 84 gallons ; and the second, 63 gallons. 

7. Find a fraction whose value is 7 if 19 be added to its 
numerator, and is j\ if 19 be added to its denominator. 
Ans. |. 

X 

NoTB. Represent the fraction by -. 
14* L 



.J" 
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8. Find a fractiou such that 5 being subtracted from bpth 
terms, its value will be | ; and 3 being added to both terms, 
its value will be /g. Aiis, ^^. 

9. A and B together have $12,000. If A lose 4 of his 
capital and B gain J of his, they will have the same. How 
much has each ? Ana. A has «7000, and B has *5000. 

10. A boy bought 46 cents' worth of balls and tops, giv- 
ing 4 cents for each ball and 2 cents for each top. He then 
sold j'j of the tops and ^ of the balls for 20 cents, clearing 
6 cents on them. How many of each did he buy ? Ans. 
He bought 6 balls and 11 tops. 

Note. Let x = the number of balls, and y the number of tops 

4a: 2y 
which he bought. Then 4z -f 2y = 46 cents. .Also, -q" + tt is 

what he gave for those which he sold. But he cleared 6 cents on 

4z 2v 
these. Hence, — -|- - 1 -f 6 = 20. 

11. A grocer bought $1.23 worth of watermelons and 
cantaloupes, at the rates of 12 cents and 8 cents. He then 
sold ^ of the watermelons and { of the cantaloupes for 50 
cents, clearing 17 cents on them. How many of each did 
he buy ? Ans, He bought 8 watermelons and 9 cantaloupes. 

12. A owes 6700, and B owes $600. A's money plus i 
of B's would pay A's debt. B's money plus /^ of A's would 
pay B's debt. How much money has each ? Ans. A has 
$650, and B has $250. 

13. A merchant bought two casks of wine, the first at 
$1.25 and the second at $1.50 a gallon, the whole costing 
$147. He sold ^ of the first and ? of the second for $140, 
gaining $29 on what he sold. How many gallons were in 
each cask ? Ans. There were 42 gallons in the first, and 
63 gallons in the second. 

14 Five years ago, A's age was 2| times B's. One year 
hence it will be 1^ times B*s. How old is each now ? Ans. 
A is 12 years old ; B, 8. 



fc-. 
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15. Find a fraction such that if the numerator be dimin- 
ished by 5 and the denominator by the numerator, its value 
will be I ; but if the numerator be increased by the denom- 
inator and the denominator by 33, its value will be ^. Ans. 

8 

16. If A should give to B as many books as B has, and 
then B should give A | as many as A had remaining, each 
would have 250. How many has each ? Ans, A has 350 
books, and B has 150. 

17. Divide $100 between A and B, giving B 3 times as 
much as A. Ans. A must have $25 ; and B, $75. 

18. Find two numbers whose difference is 6 ; and if ^ of 
the less be added, to J of the greater, the sum will be equal 
to ^ of the greater diminished by ^ of the less. Ans, 18 
and 24. 

19. A man bought a house and lot for $3500. Two- 
thirds of the price of the lot was equal to ^ of the price of 
the house. What was the price of each? Ans. The lot 
cost $1500 ; and the house, $2000. 

20. Divide 189 into two parts so that | of the greater 
minus f of the less shall be equal to y\ of the less minus f 
of the greater. Ans. 84 and 105. 

21. A man bought two pianos for $880. If J of the price 
of the first be subtracted from ^ of the price of the second, 
the remainder will be | of the difference of the prices. 
What was the price of each ? Ans. The first was bought 
for $540 ; and the second for $340. 

22. What fraction will equal ^ if 2 be added to its nu- 
merator, and I if 12 be added to its denominator. Ans. ^g. 

23. A certain number consisting of two digits, on being 
divided by 5 gives a quotient equal to 4 times the unit digit, 
and a remainder of 3. The same number on being divided 
by 18 gives a quotient equal to half the digit in the tens' 
place, and a remainder of 9. What is the number ? Ans. 
63. 
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24. K A were to give B $300, B would have 3 times as 
much as A has left. If B yrere to give A $300, A would 
have I as much as B has left. How much has each ? Ans, 
A has $700; and B, $900. 

25. Two brothers had just sufficient money to purchase 
a certain house. The elder could purchase it with his own 
money, | of his brother's, and $1000. The younger could 
purchase it with his own money, ^ of his brother's, and 
$2000. How much had each ? Ans. The elder had $4000 ; 
the younger, $3000. 



SECTION XLV. 

Equations containing more than Two Unkncwn 
Quantities. 



f a? + 2y + 32 = 32^ 
Given '{2x + ^ + 4^ = 37 
(3.r + 5y + 22: = 49 



Problem. Given ]2x + y + 42 = 37>-to find 

the values of x, y, and z. 

Solution. Here there are three unknown quantities. 
If we eliminate one of them, we will have only two. But 
when we have two unknown quantities, we must have two 
different equations. To get thesis we will have to perform 
two processes of elimination. Here the coefficients of x are 
smallest, and such as to make it best to eliminate x. This 
will be best done, first, from the first and second equations, 
and then from the first and third equations. 

Multiplying the members of the first equation by 2, 

2a? + 4i/ + 6z = 64. 
The second equation is, 2x + j/ + 4 2 == 37. 

Subtractmg, dy + 2z^ 27. 
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Multiplying the members of the first equation by 3, 

3a: + 61/ + 92= 96. 
The third equation is, 3 re + 5 y + 2 z = 49. 

Subtracting, y + 7 z — A7. 

By these two eliminations of x, we have obtained two 
equations with two unknown quantities : 
(3i/ + 2z = 27.) 
I y + 721 = 47.1 
These can be solved as has been previously done. 

Multiplying the members of the last equation by 3, 

32/ + 21z = 141. 
The equation preceding it is Sy + 2z = 27. 

Subtracting, 192;= 114. 

2 = 6. 
Substituting 2 times 6 for 2 2, we have 

3y + 12 = 27. 

3i/ = 27— 12. 
Sy= 15. 
2/ = 5. 

In the first equation, substituting the values of y and z, 
a? + 10 + 18 = 32. 

a; = 32 — 10 — 18. 

a? = 4. 
Therefore a? = 4, 1/ = 6, and z = 6. 

General Rule for Elimination. 

Eliminate one of the unknown quantities from as many 
different pairs of the given equations as there are other un- 
known quantities. 

Do the same with the new equations obtained, till finally 
but one unknown quantity will remain in one equation. 

Find the value of this, and then of the others by substi- 
tution in previous equations. 

Note. There must be as many equations as there are unknown 
quantities, and each equation must be used in one of the elimina- 
tions. 
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Find the values 
ing equatious. 



EXAMPLES. 

of the unknown quantities in the follow- 



10. J 

Ana. X s 35; y a 30; 2; = 25. 



C x+ y + 22 = 115.') 

1. -^ X + 2y— 2 = 70. [■ 

(2x— y— z= 15.) 

Ana, X _- , ^ _- , 

f X— y+ z= 11.) 

2.-^ x + ly — Zz^Zb.\ 

(3a? — 2y+ « = 18. ) 

Ana. a; = 8 ; y ■« 9 ; 

( X— y+ 2= 15.) 

3. \ Zy—x — ^z = — 2. [• 
(9z — X— y = — 1.3 

f7x--2y + 2 = 23.) 

4. -^ X — 1/ + z = 12. [• 
(2 a: + y + 2=29.3 

r4a;-i- 3y — 22= 21.") 

5. -jSa; — 9y+82 = — 6. [• 
(6aj — 6y+5z= 6.) 

^n«. asaaS; y = 7; z«=6. 



I. J 

^tu. z at 20; y «B 8; z B 3. 

I 



6. i 



6 ^ 8 ^ 9 



11. 



4 + 4 + 7 - »• 
18 



- + ^ + z 
L5 ^ 8 ^ 



- + ?' + -- 9 
8 ^ 3 + 2 ~ ''• 



J 

Ana. a? = 12 ; y =s 16 ; z 



14. 



5x 2y Az 
12 "^ 9" """3 



4. 



1^ » d 

L X + y +2 =39. J 

J./W. a? = 24 ; y = 9 ; z 
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8. < — 



10 "9 ' 

X — y _^ z — 4 

z — y _ X + 1 



Ans, a;=6;y=5 4;«=7. 



10. 



x+ y+ z+ w=10/ 
2x + Sy+2z+^u=2d. 
x+ 2y + 2z + 2u==lS. 
X + dy + 3z + 2u=22.^ 
A718. X s=s 2; y 

X + 2/+ z — t(;=2. 

X — y + 2z + w = 6, 

X — 21/+ 2-f2«; = 5. 

2x + y — z + w =^Z, 

x = l; t/ 



1; z = 3; u= 4 



1; z==2; w=2. 



11. ]x-y + z== 711 [ 
(a? + 2/ — 2= TffVJ 



Ans. a; == 7 J ; y = 7^ ; 



z^ll 



NoTB. In this example, add the members of the second equation 
to those of the third, and find x ; subtract the members of the sec- 
ond from those of the first, and find y ; subtract the members of the 
third from those of the first, and find z. 



C x+ y + 40= 12.) 

12. ^ x+ 2y + z=U.[ 

(2 a; + 3y + 42: = 24.) 

Ans. x 



4; y = 4; 2= 1. 



13. A 



4. + ^+J = 14. 
a; + 2y + 2 = 10. 



g + 2/ + 2z = 



9. 



Am. X = Z', y = 2; z ^ Z. 
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- 'TO- 

.« + 8y + 22 — 28. 



Ans. a?as6;y=l;2=slO. 



C X y — 2a- — 5.) 

15. }—x — y + 2«— 1.^ 

(— « + y — «-— 3.3 



Afu. a: = 2;y = 3;2 = 4 

Non. This eiample may be soWed in a similar manner to that 
pointed out for the 11th. 



SECTION XLVL 

Questions producing Equations with more than 
Two Unkno'wn Quantities. 

1. A BOUGHT three houses. The price of the first plus | 
the price of the other two was $2200. The price of the 
second plus i of the price of the other two was $2300. The 
price of the third plus J of the price of the other two was 
«3000. What did he pay for each? Ans. He paid $1100 
for the first, $1900 for the second, and $2500 for the third. 

2« A and B together have | as much money as C. A and 
C together have 4| tiroes as much as B. A has $6600 less 
than B and C together. How much has each? Ans, A 
has $900; B, $1500; and C, $6000. 

3. A's money exceeds y^^ of B's and C's by $100. B's 
money exceeds i of A's and C's by $100. Cs money ex- 
ceeds -fij of A's and C's by $100. How much has each? 
^ns. A has $800 ; B, $900 ; and C, $1000. 

4. A number expressed by three digits, gives 96 for a 
<luotient when divided by the sum of the digits minus 9. 
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The middle digit is half the sum of the first and third. If 
896 be subtracted from the number, the remainder will 
consist of the same digits as the first, but in an inverted 
order. What is the number ? Ana, 864. 

Note. Let the digits, in order, be represented by x, y, and z. 
Then 100 x -\-\0y -\' z represents the number. 

6. A number expressed by three digits is 22 times their 
sum. If 99 be added to it the result will consist of the 
same digits as the number, but in an inverted order. The 
middle digit is equal to the sum of the first and third. 
What is the number ? Ans. 132. 

6. Find four numbers such that once the first, ^ of the 
second, \ of the third, and \ of the fourth shall be 23 ; twice 
the first, once the second, \ of the third, and ^ of the fourth 
shall be 41 ; three times the first^twice the second, once the 
third, and three times the fourth shall be 111 ; and the sum 
of the numbers shall be 51. Ans, 8, 12, 15, and 16. 

7. Find three numbers such that the first with -^ of the 
diflference of the other two shall be 42; the second with j\ 
of the sum of the other two shall be 120 ; and the sum of 
the three shall be 204. The first number is the smallest, 
and the third is the largest. Ana, 24, 60, and 120. 

8. A certain sum of money was divided among A, B, and 
C, so that A's share exceeded j^^ of the sum of B's and C's 
shares by $200; B's share exceeded 4 of the sum of A's and 
C's shares by $300 ; and C's share exceeded j*j of the sum 
of A's and B's shares by $400. What was the share of 
each ? Ana. A's share was $600 ; B's, $500 ; and C's, $800. 

9. If A's age be added to B's, the sum will be C's age. 
If A's be subtracted from B's, the remainder will be ^^ of 
C's age. The sum of their ages is 140 years. How old is 
each? Ana, A's age is 34 years; B's, 36 years; and C's, 
70 years. 

10- A's money added to ^^j of the sum of B's and C's 
16 
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equals 855,000. B's added to 7®; of the sum of A's and C's 
equals $80,000. C's added to j\ of the sum of A's and 
B's equals $60,000. How much has each? Ana. A has 
«30,000, B has $40,000, and C haa $45,000. 

11. A certain sum of money is to be divided among A, 
B, and C. A is to receive $1000 less than ^ of it ; B, $1000 
more than ^ of it ; and C, $1000 less than I of it. What is 
the sum, and what is each to receive ? Ans. A is to receive 
$5000 ; B, $4000 ; and C, $3000 : in all, $12,000. 

12. A farmer has sheep in three pasturas. The number 
in the first, added to ^ of the number in the other two, 
makes 46. The number in the second, added to | of the 
number in the other two, makes 40. The number in the 
third, added to j^^ of the number in the other two, makes 
30. How many are in each pasture ? Atis, There are 35 
sheep in the first, 30 in the second, and 25 in the third. 

13. A certain loaf of bread is made of flour, rice, and 
water, and weighs 11 lbs. The weight of the rice augmented 
by 1 lb. is ^ of the weight of the flour and water together, 
and the weight of the water is | of the weight of the flour 
and rice together. Required the weight of each. Ana. The 
rice weighs 1 lb. ; the flour, 5 lbs. ; and the water, 5 lbs. 

14. There is a number consisting of three digits, the first 
of which is J of the sum of the other two. If 99 be added 
to the number the digits will be inverted. The middle digit 
is 1 more than the sum of the other two. What is the num- 
ber? Ans. 142. 

15. A merchant sells 2 lbs. of his best tea, 5 lbs. of his 
best coflTee, and 7 lbs. of his best sugar for $7.40. He sells 1 
lb. of the tea, 2 lbs. of the coflTee, and 5 lbs. of the sugar for 
$3.80. He sells 3 lbs. of the tea, 2 lbs. of the coffee, and 4 
lbs. of the sugar for $7.60. What is the price of each arti- 
cle ? Ans. The tea is $2 per lb. ; the coffee, 40 cents ; and 
the sugar, 20 cents. 

16. Divide 50 into three such parts that 3 times the first 
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shall be twice the sum of the second and third ; and the 
second plus 14 shall be equal to the sum of the first and 
third. A718. 20, 18, and 12. 

17. A's age is twice the sum of his son's and his daugh- 
ter's. The three ages amount to 60 years ; and 3 times the 
daughter's plus 4 years is equal to the difference between 
her father's. and her brother's age. What is the age of 
each ? Ans. A's age is 40 years ; his son's, 12 years ; and 
his daughter's, 8 years. 

18. A drover has oxen, sheep, and hogs ; in all, 196 ani- 
mals. Four times the number of oxen is equal to the num- 
ber of sheep, plus the number of hogs, minus 16. Four 
times the number of hogs is equal to the number of sheep, 
plus the number of oxen, plus 4. How many has he of each 
kind? Ana, He h£is 36 oxen, 120 sheep, and 40 hogs. 

19. Pour boys bought a foot-ball for $2.00. The first 
paid $1.00 less than the other three together. Two-fifths 
of what the first and second paid, pilus 35 cents, is | of what 
the third and fourth paid. Two-thirds of what the first 
three paid, minus 65 cents, is ^q of what the fourth paid. 
What did each pay ? Ans, Each paid 50 cents. 

20. The population of four towns amounted to 7000. The 
population of the first and third together was equal to that 
of the second and fourth together. The population of the 
first and second together was 1000 less than that of the third 
and fourth together. The population of the first and fourth 
together was 2000 more than that of the second and third 
together. What was the population of each ? Arts. The 
population of the first town was 2000; of the second, 1000; 
of the third, 1500 ; and of the fourth, 2500. 
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SECTION XLVII. 

Peculiar Equations with more than T-wo 
Unkno'wn Quantities. 



PBOBLEMl. Given^^+^ + -=| 



^ to find the 

values of X, y, z, and w. 

Solution. It may be observed that one letter is wanting 
in each equation. There is no w in the first equation, no z 
in the second, no y in the third, and no x in the fourth. 

Adding the corresponding members of all the equations, 
Sx + Sy + Sz + S7V ^ 90. 
Dividing by 3, x + y + z + w = SO. 

Now by subtracting the members of each of the original 
equations separately from the members of this last, the 
values of the unknown quantities can be found. Thus : 

x + y + Z:i-w = SO. 

x + y + z =21. 

ti;= 9. 

x + i/+z + w^SO. 
X + y + w = 22. 

~z = 8. 

X + z + w = 23. 

~y ^T. 

a: + y + z + w=30. 
y + z + u; = 24. 

X = 6. 
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Problem 2. Given ^ 



CI 1 1 

- + -+-= 3^ J^ to find the 
X y z ^ 

values of x, y, and z. 

Solution. Here it will be seen that clearing of fractions 
would give quantities containing xz, ocy^ yz, and xyz, making 
the solution difficult. The equations can be best solved 
without clearing of fractions till an equation is found with 
only one unknown quantity. Multiplying both members 
of the first equation by 4, we have 



The second equation is 



4 4 4^13 
a; "^ y "^ 2 3' 
3 . 2 4_ 7 
x^y-^'z-^ 2* 



Subtracting, 


12 5 
x"^ y ~ € 


The third equation is 


4 6 3 13 
x'^ y"^ z~ 3' 


Multiplying both members of 
the first by 3, 


3,3,3 13 
i + y + z = 4 • 


Subtracting, 


13 13 
x'^'y "12" 


Now, taking the two equations that contain x and y only, 

13 13 
a; ■*" y ~ 12* 




12 5 
x^ y~ 6' 



Subtracting, 

Clearing of fractions, 
Or, 

16* 



1 
4" 



1 

y 

4=. y. 
«- 4. 
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12 5 

Substituting 4 for y in the equation - + - = -, we have. 



6' 







12 5 


Transposing, 




15 2 

x~ e T 
1 1 

x~ 3' 


Clearing of fractions, 
Or. 




• 3= «. 
«= 3. 


Substituting the values of x 
3 have 


andy 
1 
3 


in the first equation, 
^ 4 ^ z 12 


Transposing, 


1 

z 


13 1 1 

~ 12 3 4* 

1 1 

z~ 2' 


Clearing of fractions. 
Or, 




2= z. 
z= 2. 



Problem 3. Given 



to find the values of 



' xyz = 40' 

xyw = 20 

xzw = 10 

[yzw = 8^ 

X, y, 2, and w. 

Solution. Multiplying the corresponding members of 
both equations together, we have, a^y^s^v^ = 64000. 
Extracting the cube root of 

both members. 
Dividing by the members of 

the first equation, 
Dividing by the members of 

the second equation, 
Dividing by the members of 

the third equation, 
Dividing by the members of 

the fourth equation, 



xyzw = 40. 



2. 
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EXAMPLES. 

Find the values of the unknown quantities in the follow- 
ing sets of equations. 

' X + y + z + t + u + V + w = 2Sr 

x + y+z + t + u + v — w s= 14. 

x + y + z + t + u — v = 9. 
^x-^y-^-z + t — u = d. 

x + y + z--t=2. 

X + y — 2; ^ 0. 
Vx — y=—l. 

Ana, a7=l;2/=2;z = 3;^ = 4;w = 6;i;=6; 

ri; = 7. 
Note. Subtract the members of the second from those of the first, 
and find w. Subt^titute that value in the second, and transpose. 
Then with the resulting equation and the third, the value of v can 
be found in the same way as that of w. Continue in this manner 
until the values of all the unknown quantities are found. 



2. 



2x — ^y + Az — bv +6t(;=18. 
2aj — 3 2/ + 4z + 5v + 6t(; = 68. 

— 2a; + 32/ — 42:-f6w;=5. 

— 2x + 3,2/ + 42;= 29. 
32/,+ 2x = 37. 

Ana, rr=8;y=7;2:=6;vi 



6 ; to = 4. 



3. i 



= Q-^ 



3 




5 






+ 




^ 


x 




z 




2 




5 




X 


4- 


y 


:^s 


3 




2 




y 


+ 


z 


^ 



3 
8' 
1 
3' 

24. 
2 
3' 

36' 
23 
60*. 



Ans. a; = 4;^ = 8;z==12. 



Ant. a; = 9; y = 12; z = 15. 



Cx + y^ 6.-) 
•^ X + 2 = 15. ^ 
(y + 2 = 13.3 



Ant. 



4; y=2; « = 11. 
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rs 9 2 

- + -+ - 

X y z 

4 9 '5 

- + -+ - 
X y z 

l + ? + io 



= 2i. 
» 2. 
-24. 



5 4 



7. ■{ 



3 2_3 1^ 1 

1= 3 
tt X ^ 

Ans, J? =■ 24 ; y 



J.n«. a? aa 8 ; y i 
1. 



9; z = 10. 



10; z = 15; tt « 8. 



NOTS. 

12 



8 1 
Sabfltitute - for - in the first three equatioxiB. That is, 
X u 



put ^ for -, - for -, and — for -. Then collect the terms con- 
X u X u X u 

taining z. After this subtract 5 times the members of the second 

equation from the members of the first, and find z, the value of 2 

may be foand. 

'3x + 43/ + z = 31/ 
2y + 32 — 3< = 5. 
8. -( 3^ — 2< + ti« 9. 
2x— y + 2< = 16. 
t — w = 2. ^ 
Ans. j?=3; y = 4; 2 = 6; < = 7; tis^S. 
NoTB. From the last equation, u = t — 2. Substitute this in the 
third equation, obtaining t = Zz — 11. Substitute 8« — 11 for < in 
the second and fourth equations. Then the first, second, and third 
equations will contain only x, y, and t as unknown quantities. 
Eliminate z. 

'a? + i/ + z = 12. 
9 J a? + y + w = 13. 



1; y-> 2; z 1- 9; ti«* 10. 



X 


+ z 


+ « 


= 20. 


y 


+ z 


+ ti 


-21. 
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xyz = 60. 

^"- ^ t/a;z = 6. 
uyz = 20. . 

-4.rw. a; = 3; 2/ = 10; z = 2; u = l. 



SECTION XLVIII. 

Problems relating to 'Work. 

Problem 1. A can perform a piece of work in 12 days; 
B can do it in 8 days ; and C can do it in 9 days. In what 
time can the three perform it ? 

Solution. Let x represent the number of days in which 
all three can do it. 

Then - represents the part which all three can do in one 

day. 

Now, by the conditions of the question, 

A can do r^ of it in one day, 
B can do ^ of it in one day. 
C can do r of it in one day. 

Hence r2 + 8 + 9 =^ x 

Clearing of fractions, 6x + 9a7 + 8x= 72. 

23x= 72, 

Hence, all three together can do it in Sj'j days. 

Problem 2. A, B, and C can fell a given quantity of 
timber in 4 days ; A and B can do it in 6 days ; B and C, 

M 
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in 7 days. How long would it take each separately, and 
how long would it take A and C together ? 

Solution. Let x represent the number of days in which 
A can fell the timber. 

Let y represent the number of days in which B can fell 
the timber. 

Let z represent the number of days in which C can fell 
the timber. 

Then - represents the part of it which A can fell in one 
day. 

So - represents the part of it which B can fell in one 
day. 

And - represents the part of it which can fell in one 



day. 
By 


the conditions of the question, 


1 




Wi - 


1 

6' 



1+1 ^l 

y^ z 7 

Subtracting the members of the second equation from 

those of the first, we get - = — . 

Z ji/i 

Clearing of fractions, 12 = z. 

Or, z = 12. 

Subtracting the members of the equation - = — , from 

z lA 

1 5 

those of the third, we get - = --. 

Clearing of fractions, 84 =* by. 

Whence, y = 16f. 



X 




28 


28 


sss 


3 a;. 


X 


= 


K 



ELEMEKTABY ALGEBBA. 179 

Subtracting the members of the third equation from those 

of the first, we get 

Clearing of fractions, 
Whence, 

Hence, A can fell the timber in 9^ days, B in 16| days, 
and C in 12 days. 

To find out how long it would take A and C together, 

3 1 

observe that A can fell tt^- of it in one day, and C ^-r of it. 
28 -^'12 

Hence, A and C together can fell ^ + q-^ of it; that is, ^j 

Zo iZ AL 

of it. To do the whole of it, it would take them as many 

4 21 

days as ^ is contained times in ^, which is b\ times. 

Hence A and C can do it in 6| days. 

Probi^em 3. A and B work at a boat for 10 days; when 
they call in C ; and the three finish it in 10 more days. 
Had C worked from the beginning, it would have been com- 
pleted in 1511 days. In what time could C alone do it ? 

Solution. Although the question only calls for the 
time in which C could do it, the time in which A and B 
could do it must be represented by some letter, in order to 
form an equation. It is not necessary to consider A's and 
B's labor separately, as they do not work separately. 

Let t represent the time in which A and B together could 
do it. 

Let X represent the time in which C could do it. 

Then - represents the part of it done by A and B to- 
gether in one day. 

And - represents the part of it done by C in one day. 
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By the conditions of the question, (1 meaning once the 
whole work,) 



?- ^ - 



1611. 1511 _ 1 

t ^ X 

an. A *• • ,^ 300 , 300 ^ 

The second equatioa is equal to tq-t + --5— = 1. 

Multiplying the members of the 

<5 . *• K i» 300 , 150 15 

first equation by jf. _+-_== j^ 



Q u* .• 150 4 

Subtracting. j-^- = j^. 

Reducing, and clearing of fractions, x = 37^. 
Hence C alone could finish the boat in 37^ days. 

EXAMPLES. 

1. A can do a piece of work in 10 days ; B, in 15 days ; 
C, in 20 days. How long will it take all together ? An8. 
Af^ days. 

2. Smith can do a certain piece of work in 8 days ; Jones, 
in 6 days ; Brown, in 9 days. How long will it take them, 
all working together ? Ans. 2^| days. 

3. A and B can mow a certain field in 8 days ; B can do 
it in 20 day^. How long would it take A ? Ans. 13^ days. 

4. A and B can mow a certain field in 8 days. If C join 
them they can mow it in 6 days. How long would it take 
C? Am. 24 days. 

5. A shoemaker can fill a certain order in 3 weeks. His 
apprentice could fill it in 4 weeks. How long would it take 
both together? Ana, If weeks. 

6. Mr. Smith and his oldest son can do a piece of work in 
8 days. He and his youngest son can do it in 10 days. 
The two sons together can do it in 24 days. In what time 
can each do it alone? Ana. Mr. Smith can do it in 10\% 



ELEMENTARY ALGEBRA. 181 

days ; his oldest son, in 30 days ; and his youngest son, in 
120 days. 

' 7. A and B can do a piece of work in 9| days ; A and C, 
in 11 1 days ; and B and C in 15 days. In what time can 
each do it alone? Arts. A can do it in 16 days; B, in 24 
days ; and C, in 40 days. 

8. A cistern is supplied by two pipes. One can fill it in 
1 hour, the other in 50 minutes. In what time will both 
running together fill it ? Ana, 27 j\ minutes. 

Note. 1 hour = 60 minutes. 

9. A can do a piece of work in 7 days ; B, in 8 days ; C, 
in 14 days. In what time can all three together do it? 
Ana. 2j| days. 

10. A cistern has three inlets. By the first it can be 
filled in 15 minutes ; by the second, in 17^ minutes, and by 
the third in 22^ minutes. In what time will it be filled by 
all three together ? Ana. 5|f minutes. 

11. James can dig a certain sized trench in 14 days ; his 
father can do it in 5 days ; his older brother in 7 days. 
How long would it take all together? Ana. 2^| days. 

12. A and B can perform a piece of work in 16| days. 
They work together for 10 days, when A leaves B to finish 
the work, which he does in 20 more days. In what time 
could each do it separately ? Ana. A could do it in 25 
days ; B, in 50 days. 

Note. Let x = the Dumber of days in which A would do it. 
Let y = the number of days in which B would do it. 

Then - = the part done by A in one day. 

And - = the part done by B in one day. 

1 , 1 1 

By the conditions of the question, -- "h - — jg|* 

And, since 1 time the work stands for the .^ 
whole of it, 1 = 1. 



16 



X y 
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13. A could reap a field in 10 days. If B assisted him 4 
days, it could be reaped in 5 days. How long would it take 
B to reap it ? Aiis. 8 days. 

14. A can do a piece of work in 8 days ; B, in 6 days. 
If they both work at it for 3 days, C can finish it in 2 days. 
How long would it take C to do it? Ans. 16 days. 

15. A and B work at a wall for 7 days, and then call in 
C. The three finish the work in^7 more days. A and B 
could build it in 16 days. B and C could build it in 15 
days. In what time could each do it alone ? Ana. A could 
do it in 7S^^ days ; B, in 20f ^ days ; and G, in 56 days. 

16. A and B can do a piece of work in 20 days. They 
do I of it, and C assists them with the remainder, the work 
being done in 17 days. In what time could C alone do it ? 
An8. 33j days. 

17. A can mow a field in 12 days. B and C together can 
mow it in 7 days. If all three work for 4 days, C can finish 
it in 3 days. In what time can B or C do it? An8. B can 
do it in 9 days ; C, in 31^ days. 

18. A and B can do a piece of work in 5 days. A could 
do I of it in 3 days. How long would it take B to do the 
work? Ana. 11 J days. 

Note. First find how long it would take A to do the whole. 

19. A can do half of a piece of work in 9 days. B can 
do I of it in 7 days. How long would it take both together 
to do the whole. Ana. 9-^^ days. 

20. A and B can do ^ of a piece of work in 2 days. B 
can do { of the work in 6 days. How long would it take 
A to do half of the work ? Ana. 7^ days. 
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SECTION XLIX. 
Ratio and Proportion. 
A ratio is a fraction. Thus, the ratio of 6 to 2 is ^ ; and 

the ratio of a to 6 is ;-. Since n = 3> we may say, the ratio 

of 6 to 2 is 3. 

A ratio is generally represented thus, 6 : 2, which is the 

same as 6 -j- 2, or ^. So a : 6 is the same as t. 

The first term of a ratio is called the antecedent; the 

second term is called the conaeqitent. Thus, in the ratio 

c "^ a 

, the antecedent is c + a and the consequent is w. 

A proportion is an equality of ratios. Thus, t = «• It 

may also be written, 3 : 4 = 6 : 8, or 3 : 4 : : 6 : 8. All 
these expressions mean the same thing. 

A proportion must have four terms, since each of its 
ratios has two. The first and the last terms of a proportion 
are called its extremes ; the other two are called its means. 
In the preceding proportion, 3 and 8 are the extremes^ and 
4 and 6 are the means. 

When the means of a proportion are the same, each of 
them is called a m>ean proportional between the other two. 
Thus, in the proportion, 4 : 8 : : 8 : 16, there is a mean pro- 
portional ; it is 8. * In the proportion, 4 : 3 : : 8 : 6, there is 
not a mean proportional. 

If we find that two fractions are not equal, they do not 
form a proportion. Let us try if 3 : 4 : : 2 : 5 is a true 

3 2 

proportion. Set the ratios down in this way, 2 and »• 

These fractions are not equal, so the proportion is not a 
true one. Let us try 12: 15 :: 16:20. Set the fractions 
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down thuB, r^ and nTy These are equal, as may be found 

by reducing them to their lowest terms. Each will reduce 

4 
to ^. Hence the proportion is true. 

QUESTIONS. 

Set down the proportion, 7 : 5 : : 14 : 10, in a different way. Is it 
a true one ? 

Set down eacli of the following expressions in the form of an 
equation of fractions, and then try whether or not they are true 
proportions : 

2:3 :: 4:6. 
6:3 :: 6:10. 
6:3 :: 10:6. 
8:9 : : 10 : 18. 
8:9 : : 16 : 18. 
9:8 : : 18 : 16. 
9:18:: 8:16. 
mm : : am: an, 
ax'.ay:: xiy, 
ax: ay :: ex: Of, 
ax:ya:: x:y, 
fMi : am : : cu : ac, 
z* : zy : : xy:y\ 
a:b : : e: d. 

In this last, do you know whether or not the proportion is true ? 
Would it be true if the letters stood for the following numbers ; a for 
8 ; 6 for 5 ; e for 6 ; (/ for 10 ? On what does the truth of a hieral 
proportion sometimes depend ? 

Select four of the above proportions, and name each antecedent 
and each consequent in them. Name also their extremes and their 
means. 

If any of the following proportions contains a mean proportional, 
point it out : 



4:7 : 
8:1 : 
8:9 : 
2:16: 



8 :14. 
6 :2. 

9 :27. 
16:128. 
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Theorem. 

In any proportiony the product of the extremes is equal to 
the product of the means. 

To prove this, let any proportion be represented by 

a:b : : cid. 
Set it down thus, 

a c 

Clearing of fractions, we have 

ad s= be. 
This is what was to be proved. 

Proportions may be tested by the above theorem. Thus, 
in the following expression, 3 : 5 : : 4 : 6, the product of 
the extremes is 18, and the product of the means is 20. 
Hence the expression is incorrect, or, in other words, 3 and 
6 are not proportional to 4 and 6. I^et the learner test all 
the preceding proportions in this way. 

Problem 1. Find the value of x which will make true 

^, . x—6x 2a;— 3 1 1 
the proportion — -r : — ^ ' ' 5 ' q' 

Solution. Since the product of the extremes is equal to 

*v A * ^^1, x—6x 2x—S 

the product of the means, — j^ — = — ^ — 

Clearing of fractions, 2x — 12a;a= 2x — 3. 
Cancelling 2x, _12a; = — 3. 

Or, 12x = 3. 

3 1 
X = j2> o^ 4- 

Problem 2. A and B are merchants. A gains $5000, 
and B loses $3000. Then A*s capital is to B's as 25 is to 
12. Had A lost $3000 and B gained $6000, A's would have 
been to B's as 17 to 20. What is the capital of each ? 
16* 
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Solution. Let x represent A's capital; and let y repre- 
sent B*s capital. 

Then, by the conditions of the question, 

( X -h 5000 : y — 3000 : : 25 : 12. 1 
\x — 3000 : y + 5000 : : 17 : 20. J 
Making the product of the extremes equal to the product 
of the means, 

n2x + 60000 — 25 2/ — 75000. ) 
|20x — 60000 = 17 y + 85000. J 
Bringing these equations into the proper form for elim- 
ination, 

fl2x— 251/ = — 135000.) 
t20a; — 17y= 145000. j 
Multiplying the mem- 
bers of the first by 5, 60 a? — 125 y = — 675000. 

Multiplying the mem- 
bers of the second by 3, 60« — 51 y = 435000. 

Subtracting the upper 
members from the lower, 74^= 1110000. 

y = 15000. 

Substituting in the equation 20 a; — 17 y = 145000, 

20 X— 255000 = 145000. 

20 x = 400000. 

X = 20000. 

Hence, A's capital was $20,000, and B's $15,000. 

Problem 3. Divide 96 into two parts in the ratio of 6 
to 7. 

Solution. Since the ratio =— is the same as the ratio =, 

Ix 7 

we may represent the two parts by 5 J? and 7 x. 
Then we have the equation, 5 a: + 7 x = 96. 

12 a; = 96. 
j?= 8. 
Hence, the parts are 5 times 8, and 7 times 8 ; or 40 and 
56. 
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NoTB. A longer solution would be to represent the parts by x and 
f X + y = 96. 1 

Making the product of the extremes in the proportion equal to the 
product of the means, j'^+y^^Sy.} or {j /J^'^^Z.^q} 

By solving these equations, we should find x = AO and y = 56. 

Still another solution would be to represent the parts by x and 
96 — X, giving the proportion, a; : 96 — x : : 6:7. 

Making the product of the extremes equal to the product of the 
means, we have 7 x = 480 — 5 z. 

By solving this equation, we should find z = 40, and 96 — x=z 
56. 

EXAMPLES. 

1. Given a; : 20 : : 6 : 12, to find the value of a?. 

Ana. X = 10. 

2. Given l"" 'I ^.^ V'Alnl to find the values of x 
and y. Ana. a? = 4 ; y = 7. 

r x + y:l + z:: 5:2) 

3. Given i x+ S yiS + z :: 9:4>-to find the values 



r x + y:l + z:: 5:2) 
]x+Zy:S + z:: 9:4[- 
i^Sx +2/:5 + 2: ::11 : 6J 



of «, y, and 2. Ans. a7 = 3;y = 2; 2 = 1. 

4. Divide 100 into three parts, in the ratios of 4, 5, and 
11. Ans. 20, 25, and 55. 

Note. Represent the parts by 4 z, 5 z, and 11 z. 

5. Divide 87 into three parts, in the ratios of 8, 9, and 12. 
Ana. 24, 27, and 36. 

6. The sum of two numbers is 90, and the less is to the 
greater as 7 is to 11. What are the numbers ? Ana. 35 
and 55. 

7. Divide 96 into four parts, in the ratios of 4, 5, 7, and 
8. Ana. 16, 20, 28, and 32. 

8. A road from Baltimore to Boston passes through Phil- 
adelphia and New York. .The whole length of the road is 
413 miles. The distance from Baltimore to Philadelphia is 
to the distance from Philadelphia to New York, as 10 is to 
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9. One-thirtieth of the distance from Philadelphia to New 
York added to 2 J the distance from Baltimore to Philadel- 
phia equals the distance from New York to Boston. How 
far are the cities apart? A718, Baltimore and Philadelphia, 
100 miles; Philadelphia and New York, 90 miles; New 
York and Boston, 223 miles. 

9. Find two numbers in the ratio of 7 to 11, such that if 
12 be added to each thcj will be in the ratio of 17 to 25. 
Ans. 66 and 88. 

10. Find two numbers in the ratio of 5 to 7, such that if 
10 be subtracted from each they will be in the ratio of 3 to 
5. Ans. 25 and 35. 

11. The ages of two brothers are 30 and 35 years. In 
how many years will they be in the ratio of 9 to 10. Ans. 
15 years. 

12. The ages of two brothers are 28 and 30 years. How 
many years have passed since they were in the ratio of 2 to 
3 ? Ans, 24 years. 

13. Find two numbers in the ratio of I to |, which being 
increased respectively by 10 and 30, will be in the ratio of 
•j\ to J. Ans. 30 and 45. 

14. Find two numbers in the ratio of 3 to 4 whose sum is 
49. Ans. 21 and 28. 

15. Find two numbers such that if 12 be added to each, 
the results may be in the ratio of 6 to 7, while if 12 be sub- 
tracted from each, the results may be in the ratio of 2 to 3. 
Ans. 24 and 30. 

16. A loses *1000 and B gains *2000, when A's money is 
to B's as 2 is to 3. Then A gains $2000 and B loses $3000, 
when A's money is to B's as 8 is to 9. How much had each 
at first ? Ans. A had $15,000 ; and B $19,000. 

17. If a certain lot of ground had been 12 feet longer, 
and 12 feet wider, the length would have been to the breadth 
as 7 to 6. But if it had been 12 feet shorter and 12 feet 
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narrower, the length would have been to the breadth as 5 
to 4. How long and how wide was it ? Ana. 72 feet long, 
and 60 feet wide. 

18. A farmer rents a farm for $247 per annum, $3 being 
reckoned for each acre of cultivated land, and 92 for each 
acre of pasture. The number of cultivated acres is to the 
number in the whole farm as 5 to 7. How many acres are 
there of each ? Ans. 65 acres cultivated, and 26 acres of 
pasture. 

19. The price of a pound of a certain quality of sugar 
wants 2 cents to be to the .price of a pound of the best 
raisins as 2 to 3. 9 pounds of the sugar equal in value 4 
pounds of the raisins plus 12 cents. What is the price of 
each ? Ans. Sugar, 8 cents a pound ; and raisins, 15 cents 
a pound. 

20. Four places, A, B, C, and D, are situated in the same 
order as the letters. From A to D is 110 miles. The dis- 
tance from A to B is to the distance from B to C as 6 to 7. 

. The distance from C to D added to twice that from A to B 
equals three times that from B to C. What are the dis- 
tances? Ans. From A to B, 30 miles; from B to C, 35 
miles ; and from C to D, 45 miles. 

21. Find two numbers in the ratio of 9 to 5 whose sum 
shall be to their difference plus 22 as 7 is to 3. Ans. 99 
and 55. 

22. If I take $25 from each of two purses, the quantity 
remaining in the first is | of that in the second. If I then 
take $20 more from each, the quantity remaining in the first 
is j\ of that in the second. How much was in each at first? 
Ans. $75 in the first, and $100 in the second. 

23. The first of four numbers is to the second as 2 is to 7, 
and the third is to the fourth as 14 is to 27. The sum of 
the first and third is to the sum of the second and fourth as 
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2 ifl to 5. The sum of all the four numbers is 77. What 
are they? Am. 8, 28, 14, and 27. 

NoTK. Represent the numbers by 2 z and 7 x, 14 y and 27 y. 

24. The weights on one plate of a pair of scales are to the 
weights on the other plate as 5 is to 6. A part being taken 
off each plate, the weights remaining exactly balanced each 
other. The whole amount of weights remaining was 30 
ounces. The parts taken off were in the ratio of 5 to 7. 
Wliat were the weights at first ? Ans. 30 ounces and 36 
ounces. 

NoTB. Represent the weights at first by 5 z and 6 x. Take 15 
ounces from each to get the parts taken off. 

25. Find three numbers whose sum is 38, such that if 2 
be subtracted from the first and from the second, the remain- 
ders will be in the ratio of 3 to 5 ; and if 4 be subtracted 
from the first and from the third, the remainders will be in 
the ratio of 2 to 7. Ans, 8, 12, and 18. 

26. Find three numbers whose sum is 47, 4 of the first be- 
iiig to ^ of the second as 4 is to 3, and j of the second to j^^ 
of the third as 5 is to 2. Ans. 12, 15, and 20. 

27. Prom two boxes of sugar were taken quantities in the 
ratio of 5 to 7. If 6 pounds less had been taken from the 
former, only ^ as much would have been taken from it as 
from the latter. How much was taken from each ? Ans. 
20 pounds from the first, and 28 pounds from the second. 

28. There are two numbers in the ratio of 3 to 4. If 10 
be added to each, the sums will be in the ratio of 5 to 6. 
Wliat are the numbers ? Ans. 16 and 20. 

29. Divide the number 36 into two such parts that the 
quotient of the greater part divided by 6 shall be to the quo- 
tient of the less divided by 30 as 25 is to 1. Ans, 30 and 6. 

30. Find two numbers in the ratio of 6 to 6, such that if 
each be increased by 12 they will be in the ratio of 11 to 
12. Ans. 10 and 12. 



ELEMENTARY ALGEBRA. 191 

31. In a school for boys and girls, if there were 12 more 
of each, there would be 6 boys to every 7 girls ; and if there 
were 12 less of each, there would be 4 boys to every 5 girls. 
How many are there of each ? Aris, 60 boys and 72 girls. 

32. A certain piece of brass weighs 18 pounds, and con- 
tains 2 pounds of copper for every pouud of zinc. How 
much copper must be added to make a kind of brass contain- 
ing 5 pounds of copper for every 2 of zinc ? Am. 3 pounds. 

Note. There are now 12 pounds of copper and 6 pounds of zinc. 
Let X represent the amount of copper to be added. Then, z -|~ ^^ • 
6 : : 5 : 2. 

33. John's marbles were to James's as 6 is to 7. John 
won 8 from James, and then their marbles were as 8 to 5. 
How many had each at first? Ans, John had 24, and 
James had 28. 

34. Given 9 : a; : : 3 : 4, to find the value of x. 

Ana. X = 12. 

35. Given a? : 6 : : 8 : 4, to find the value of x, 

Ans, a? = 12. 

36. Given 5 : 3 : : ar : 12, to find the value of x. 

Ans. X = 20. 

37. Given 2 : 11 : : 6 : re, to find the value of x. 

Ans. X = 33. 

38. Given {^H 2^:21 + l\\l\l} *» ^'^^ '^' 
values of x and y. Ans. a; = 4 ; y = 2. 

39. Given -jc •4Jy~95-8r*^ ^^ ^^® values of x 
and y. Ans. x = 5 ; y = 2. 

r x + y+A: x—y + ziilSid-) 

40. Given -< 7 + y — z : x — y — z :: 5:l>^to 

i — x + y —z :—x—y + z :: 9:5) 

find the values otx, y, and z. 

Ans. a7 = 7;y=2;« = 4. 
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SECTION U 
Arithmetical Progression. 

In the series of numbers, 1, 3, 5, 7, 9, 11, every term 
after the first is formed by adding the same number to the 
term before it. Tiiis series is called an arithmetical progres- 
iion; its common difference is 2. 

In the series, 17, 14, 11, 8, 5, the common difference is 
negative. It b — 3 that we add to 17 to make 14 ; and so 
on. 

An arithmetical progression is a series of terms which in- 
crease or decrease by a common difference. 

The following are examples. Let the learner tell the common 
difference in each series. It may always be found by subtracting 
a term from that which comes after it. 

4, 11, 18, 25, 32, 39, 46, 53, 60, 67. 74. 

81, 72, 63, 54, 46, 86, 27, 18, 9, 0. 

0, I, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c. to any extent. 

3, 7, 11, 15. 

0, 10, 20, 30, 40, 50, 

16, 14, 12, 10, 8, 6, 4, 2, 0, —2, —4, —6, —8. 

— 5, —3,-1, 1, 3,6,7,9. 

— 5, —7,-9, —11, —13, —16, —17. 

Finding Terms of an Arithmetical Progression. 

Any arithmetical progression may be represented by let- 
ters. We may represent the first term by a, and the com- 
mon difference by d. Then any arithmetical progression 
will be a,a + d,a+2d,a + Zd, a + 4(f, &c. 

Thus we see that to obtain the second term, we add orvce 
the common difference to the first term ; to obtain the third 
term, we add twice the common difference to the first terra ; 
to obtain the fourth terra, we add three times the common 
difference to the first terra ; and, in general, to obtain any 
term, we take the common difference one time less tl\an the 
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number of the term, and add it to the first term. In a de- 
creasing series, it is a negative quantity that we add. 

Lei I represent the last term of any arithmetical progres- 
sion, and n the number of terms. Then, from what we have 
sai<i» / = a + (n — 1) d. 

Problem 1. The first term of an arithmetical progres- 
sion is 4, a^d the common difference is 8. What is the 9th 
term? 

Solution. Here the 9th term is the last term of the 
series as far as we consider it ; so that a = 4, n = 9, and d 
= 8, in the formula / = a + (w — 1) d. 

Hence, / = 4 + (9 — 1) X 8. 

Performing the operations, / = 68. 

Problem 2. In a decreasing arithmetical progression, 
the first terra is 100, the common difference is — 5, and the 
number of terms is 20. What is the last term ? 

Solution. / =s a + (n — 1) d. 

/= 100 + (20 — 1) X —5. 
Performing the oper- 
ations, / = 5. 

EXAMPLES. 

1. In an arithmetical progression, the first term is 9, the 
common difference is 9, and the number of terms is 9. Re- 
quired the last term. Ans. 81. 

2. In an arithmetical progression, the first term is 27, the 
number of terms is 6, and the common difference is — 2. 
What is the last term ? Ans, 17. 

3. A merchant paid 12 creditors sums of money in arith- 
metical progression. He paid the first $100 ; the second, 
$150 ; and so on. What did he pay the last? Ans. $650. 

4. A body falling without any hindrance will fall IQ^s 
feet in the first second, 48| feet the next, and so on in arith- 
metical progression, the common difference being 32J feet. 

17 N 
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How far will it fall during the seventh second ? Ans. 209 j^^ 
feet. 

5. Given a = 7, and d = 5. Required the 8th term. 
Aiis. 42. 

6. Given a =» 4, and d = 100. Required the 5th term. 
An$. 404. 

7. Given a = 0, and d = 24. Required the 3d term. 
Ana. 48. 

8. Given a = 100, and d s= 2^. Required the 21st term. 
An8. 150. 

9. Given a = 2^, and d = 7^. Required the 17th term. 
Ans. 122^. 

10. Given a = 3^, and d = 4. Required the 20th term. 
Ans. 79J. 

11. Given a = 8, and d = — 2. Required the 4th term. 
An8. 2. 

12. Given a= 29, and d = — 3. Required the 8th 
term. Ans. 8. 

13. Given a = 72, and d = — 4. Required the 19th 
term. Ans. 0. 

14. Given a = 60, and d = — 10. Required the 12th 
term. Ans. — 50. 

15. Given a = 15, and d = — 7. Required the 6th 
terra. Ans. — 20. 

16. Given a = — 10, and d = — 3. Required the 21st 
term. Ans. — 70. 

17. Given a = 4, and d = 2. Required the 5th term. 
Ans. 12. 

18. Given a = — 3, and d = 6. Required the 8th term. 
Ans. 39. 

19. Given a = — 7, and d «= — 3. Required the 7th 
term. Ans. — 25. 

20. Given a = 5, and d = 8. Required the 4th terra. 
Ans. 29. 
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SECTION LI. 
Arithmetical Progression. (Continued.) 

Findiyig the Sum of the Terms. 

Take any arithmetical progression, and write under it 
the same series in an inverted order, adding together the 
corresponding terms. For example : 

3, 7, 11, 15, 19, 23, 
23, 19, 15, 11, 7, 3, 

26, 26^ 26^ 26^ 26^ 26! 

It will be observed that the sums are all the same. This 
must always be so; for the terms of one progression increase 
just as much as the terms of the other decrease. 

Each sum is equal to the first term plus the last. Each 
sum may therefore be represented by a + /. 

There are as many sums as the original series had terms ; 
that is, there are n sums. Hence the sums altogether 
amount to (a + l) n. 

This amount is equal to the sum of the series taken tvnce. 
Hence, the sum of the series, which we may call «, is half 
that amount. That is. 



Problem 1. The first term of an arithmetical progres- 
sion is 6 ; the last is 20 ; and the number of terms is 8. 
What is the sum of the series ? 

Solution. In the formula, s = — — ^- — 

Substituting, 8 = — ^c^ • 

Performing the operations, 8 = 104. 
NoTB. If we want to find the common difference of this series, we 
must take the formula of the preceding section, I =s ^ ^ (n — I) d. 



196 ELEHENTABY ALGEBBA. 

Henoe, if we take a from I, we shall haye (n — 1) d. 

As ft = 8 in this example, taking a from I will giye 7 d. 

And, as 2 = 20 and a = 6 in this example, / — a is 20 — 6, or 14. 

Heuoe, 7 <f = 14, whence d = 2. 

We may now write out the series, 

6, 8, 10, 12, 14, 16, 18, 20. 

By adding the terms together, we may proTe the oorrectness of 
the preceding answer. The sum will be foand to be 104, as it was 
found to be by the formula. 

Pboblem 2. What is the sum of the first 500 odd num- 
bers. 

Solution. Here, as we wish to find the sum of an arith- 
metical series, we should know the first term, the last term, 
and the number of terms. Now, a = 1, and n = 500, but 
I is not given. Hence it must be found as in Section L. 
/= a + (n— l)d. 
/= 1 + (500—1) X 2. 
I = 999. 
Then, in the formula of the present section^ 
(a + l)n 
s 2 

(1 + 999) X 500 
s=. 2 

8 = 250000. 

EXAMPLES. 

1. Given a = 20, / = 76, n = 15. Required 8. 

Am. 720. 

2. Given a = 7, ^ = 10|, n = 16. Required 8, 

Am. 142. 

3. Given a = 0, Z = 5, n = 11. Required 8, 

Am. 27|. 

4. Given a = — 10, / = — 20, n = 6. Required 8. 

Am. —90. 

5. Given a =« — 4, Z «» 8, w ■■ 5. Required s. 

Am. 10. 
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6. Given a = — 9, Z = — 49, n = 10. Required «. 

Ana. —290. 

7. What is the sum of the first 1000 even numbers? 
Ana. 1,001,000. 

8. What is the sum of the first 750 odd numbers ? Ana. 
662,500. 

9. What is the sum of the first 2000 numbers, 1, 2, 3, 4, 
5, 6, &c.? Ana. 2,001,000. 

10. What is the sum of all the numbers from 101 to 300, 
inclusive? Ana. 40,100. 

11. How many strokes does a common clock strike from 
1 p. M. to midnight, inclusive ? Ana. 78. 

12. What is the sura of the eleven numbers, 4, 7, 10, 13, 
and so on, ending with 34 ? Ana. 209. 

13. An unresisted falling body descends 16y\j feet in the 
first second, and increases 32 J feet each second over the 
preceding. Through what space will it fall in 7 seconds ? 
Ana. 788^3 feet. 

14. If a man walks on 20 successive days, going 10 
miles the first day, and on each of the following days going 
half a mile more than on the day before, how far will he 
walk on the last day, and how far in all ? Ana. 19^ miles 
on the last day ; 295 miles in all. 

15. A man bought a farm of 150 acres, paying for the 
first acre $5 ; for the next, 87 ; and so on in arithmetical 
progression. How much did the farm cost, and how much 
did it average per acre? Ana. 823,100 in all; $154 per 
acre. / 

16. The first term of an arithmetical progression is 3, the 
common difference is 2, and the last term is 79. What is 
the number of terras, and the sum of the series? Ana, There 
are 39 terms; a == 1599. 

Note. To find the number of terms, take the formula I = a 
+ (n — 1) d; substitute the values of I, a, and d, and find the value 
of n, the unknown quantity. 
17* 
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17. The first term of an arithmetical progression is 328^, 
the common difference is — J, and the last term is 241^. 
What is the number of terras, and the sum of the series? 
Ans. n= 100; «=» 284811. 

18. The first term of an arithmetical progression is 900, 
the common difference is — 100, and the last term is — 900. 
What is the number of terms, and the sum of the series? 
Ans, There are 19 terms ; « = 0. 

19. The first term of an arithmetical progression is 25, 
the common difference is 7, and the number of terms is 101. 
What is the sum of the series ? Ana, 37875. 

20. Insert 6 arithmetical means between 9 and 37. Ans, 
13, 17, 21, 25, 29, and 33. 

Note. Here the common difference is to be found. The number 
of terms is 8 in all, the six means, and the two extremes. We haye 
a = 9, 2 = 37, and n = 8. Substitute these yalues in the equation, 
1 = a -\- {n — 1) d; and find the yalue of d, the unknown quantity. 
87 = 9+ {S — l)d, 
87— 9==7rf. 
28 = 7 rf. 
4 = d, 
When the common difference is found, it is easy to continue add- 
ing it so as to find the required terms. 

21. Insert 4 arithmetical means between 2 and 7. Ans. 
3, 4, 5, and 6. 

22. Insert 8 arithmetical means between 4 and 31. Ans, 
7, 10, 13, 16, 19, 22, 25, and 28. 

23. Insert 3 arithmetical means between and 20. Ans. 
5, 10, and 15. 

24. Insert an arithmetical mean between 200 and 250. 
Ans, 225. 

25. Insert 9 arithmetical means between 4 and 34. Ans. 
7, 10, 13, 16, 19, 22, 25, 28, and 31. 

26. In a straight line from a basket are 100 stones, the 
first being 1 yard from the basket, and each succeeding stone 
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1 yard from the one preceding it. How far would any one 
walk who should start from the basket, go to each stone 
separately, pick it up, and return with it to the basket be- 
fore going to another. Ans, 10,100 yards. 

27. A man gives his son $1 one week, and for the next 
ten weeks increases his gift of the week before by $1|. 
How much does he give him in all ? An^, $99. 

28. During 12 hours wine leaks from a cask, the leak in- 
creasing in arithmetical progression, | of a pint for each 
succeeding hour. The first hour ^ of a pint leaked out. 
How much leaked out during the last hour ? How much 
in all? Ans. 4| pints the last hour; 28| pints in all. 

29. The first term of an arithmetical progression is 95, 
the number of terms is 49, and the last term 35. What is 
the common difference? Ans. — 1|. 

30. The first term of an arithmetical progression is 10, 
the common difference 3, and the last term 100. What is 
the number of terms ? Ans, 31. 



SECTION LII. 
Geometrical Progression. 

In the series of numbers, 3, 6, 12, 24, 48, 96, every term 
after the first is formed by multiplying the term before it by 
the same number. This series is called a geometrical pro- 
gression: its ratio is 2. In the series, 8, 4, 2, 1, 3, i, the 
ratio is ^. In the series 5, —25, 125, —625, 3125, the 
ratio is — 5. 

A geometrical progression is a series of terms in which 
each one after the first is formed by multiplying the pre- 
ceding one by a certain number, Vhich is called the ratio. 

The following are examples. Let the learner tell the ratio in each 
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series. It may always be found by diyiding a term by that which 
precedes it. 

6, 10, 20, 40, 80, 160, 820, 640, 1280, 2660, 5120. 

«. 8» 1. h h iV. A. iki 

4, 6, 64, 7Jf. 

2,-2.2,— 2.2,— 2. 

81, -27, 9, -3, 1, -f i, -^, A- 

100, 200, 400, 800. 1600. 

10, 100, 1000, 10000, 100000. 

«. -8.1, -if- A- 

Finding Terms of a Oeometrical Progression. 

Any geometrical progFession may be represented by let- 
ters. We may represent the first term by a, and the ratio 
by r. Then any geometrical progression will be 

a, or, ai^y ai^y ar*, ar^, &c. 

Thns we see that to obtain the second term, we multiply 
the first power of the ratio by o; to obtain the third term, 
we multiply the second power of the ratio by a; to obtain 
the fourth term, we multiply the third power of the ratio by 
a; to obtain the fifth term, we multiply the fourth power of 
the ratio by a ; and, in general, to obtain any term, we raise 
the ratio to a power less by one than the number of the re- 
quired term, and multiply it by a. 

Let / represent the last term of a geometrical progression^ 
and n the number of terms. Then, from what we have said. 

Problem. Given, the first term of a geometrical pro- 
gression, 4y and the ratio, 3, to find the ninth term. 

Solution. In the formula, / = or* "\ 

/ = 4 X 3». 

I = 26244. 

NoTB. Obserre that 8 must be raised to the 8th power before 
multiplying by 4. 
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EXAMPLKS. 

1. What is the seventh term of a geometrical progression, 
whose first term is 100, and ratio 2 ? Ans. 6400. 

2. Find the eighth term of the geometrical progression, 
4, 12, 36, &c. Ans. 8748. 

3. Given a = 7 and r = 10 ; find the fifth term. Ans. 
70000. 

4. Given a = 6 and r = 1^ ; find the 6th term. Ana, 

w- 

5. Given a = 7 and r = — 1; find the 18th term. 
Ana. —7. 

6. Given a = 32 and r = — i; find the 12th term. 
Ana. — g*:}. 

7. A man once agreed to give some children 1 cent for 
each one that was but one year old, 2 cents for each one 
two years old, 4 cents for each one three years old, and so 
on, doubling for each year. To how much was one entitled 
who was fourteen years old ? Ana. $81.92. 

8. A man had seven daughters. He promised to give the 
youngest 810 for a Christmas present, and each of the others 
3 times as much as her next younger sister. What was the 
oldest to receive ? Ana. $7290. 

9. A man offered to sell 10 geese, provided the purchaser 
would take them all at the rate of 1 cent for the first, 4 
cents for the second, and so on in geometrical progression. 
The other, thinking the bargain an excellent one, agreed. 
What was the price of the last goose ? Ana. $2621.44. 

10. Find the 7th term of a geometrical progression whose 
first term is 6, and whose ratio is |. Ana. jfl^^. 
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SECTION LIII. 
Geometrical Progression. (Continued.) 

Finding the Sum of the Terms. 

Take any geometrical progression, as, 3, 6, 12, 24, 48. 
The ratio here is 2. Let a stand for its sum, so that (setting 
it down in inverse order) 

« = 48 H- 24 + 12 + 6 + 3. 
Now multiply each term of this series by the ratio, and 
subtract the sum just set down from the result. 
r« = 96 + 48 + 24 + 12 + 6 
» = 48 H- 24 + 12 + 6 + 3. 

ra — « ass 96 — 3. 

Now 96 was obtained by multiplying the last term of the 

original progression by the ratio. Hence 96 is the same as 

Ir. The first term, or 3, is represented by a. 

Hence, ra — s = Ir — a. 

Factoring, (r — 1) s == Ir — a. 

Ir — a 
Dividing by r — 1, « = r. 

Tills same formula may be put in another form by multi- 
plying both terms of the fraction by — 1, which does not 
alter its value. The result is 

— Ir + a 
" = -r-+-l- 
Rearranging the terms in the numerator and in the de- 

a — Ir 

nominator s = z 

1 — r 

These two formulas are precisely the same in value ; for 
multiplying both terms of a fraction by the same number, 
— 1, does not alter the value of the fraction. Either form- 
ula may be used in any case; but; it is most convenient to use 
the latter form when the ratio is less than 1. 
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We have now had the following formulas for geometrical 

progression : 

First, l=^a7^-\ 

a J Ir — a a — Ir 

becond, 8 = r or « = 



r—\ 1 



-r 



Problem 1. Find the sum of the terras of a geometrical 
progression, whose first term is 5, its ratio 4, and the num- 
ber of terms 7. 

Solution. The last term not being given, it must first 
be found. 

Take the first formula, I = ar^ "^ 

/ = 5 X 4». 
/ = 20480. 
Ir — a 



Then take the second formula, 8 • 



r-1 
20480 X 4 • 



^= 4-1 - 

8 = 27305. 

Problem 2. Insert three geometric means between 3 
and 243. 

Solution. In the formula, a7^~^ = /, we know a and 
Z to be 3 and 243. We also know ni it is 5, since there 
are three means to be found, and two extremes given. 
Substituting, we have, 3 r* = 243. 

Dividing by 3, 7^ = 81. 

Taking the square root, r' = 9. 

Taking the square root again, r = 3. 

'Knowing the ratio, the means are easily found to be 9, 
27, and 81. 

Problem 3. Insert one geometric mean between 8 and 
32. 
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Solution. Take the formula, a7^~^ ^ L 

Substituting, 8r» = 32. 

r» = 4. 
r=2. 
The mean is consequently 8 X 2 or 16. 

This geometric mean is also a mean proportional between 
8 and 32 ; for, when we say the three quantities 8, 16, and 
32 are in geometrical progression, we mean that the ratio 
which 8 bears to 16 is the same as the ratio which 16 bears 
to 32. Hence, we may make the proportion^ 
8 : 16 : : 16 : 32. 

EXAMPLES. 

1. Find a mean proportional between 20 and 6. Ans. 10. 

2. Find a mean proportional between 2 and 162. Ana. 
18. 

3. Find a mean proportional between 5 and 125. Ans. 25. 

4. Find a mean proportional between 9 and 16. An^s. 12. 
6. Insert one geometric mean between 1 and 16. Ana. 4. 

6. Insert two geometric means between 1 and 8. An>8. 2 
and 4. 

7. Insert three geometric means between 4 and 324. Ans. 
12, 36, and 108. 

8. Find the sum of 6 terms of the geometrical progression, 
4, 20, 100, &c. Ans. 15624. 

9. Find the sum of 3, 10, ^, &c., to eight terms. Ans. 

10. A man had a horse offered to him at 1 cent for the 
first nail in its shoes, 2 cents for the second, and so on, 
doubling for every additional nail, there being 32 nails in 
all. He thought it was a good bargain; but, on computing 
the amount, found he had not money enough to pay for the 
horse. How much would it have cost at the rate offered? 
Ans, $429,4f\P7.2.95. 



^ s 
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11 to 20. Find the sums of the progressions in the ten 
examples of the preceding article. In the 7th, find the sum 
on the supposition that there was one child 1 year old, one 
2 years old, and so on, one child for each number of years 
up to 14 years inclusive. 

Answers. 

11. 12700. 16. »||«. 

12. 13120. 17. $163.83. 

13. 77777. 18. $10930. 

14. »||s. 19. $3495.25. 

15. 0. 20. WsW. 



SECTION LIV. 

Miscellaneous Questions producing Simple 
Equations. 

1. The sums of 3 numbers taken two and two are 62, 46, 
and 58. What are the numbers? Ana. 37, 25, and 21. 

2. The sum of 3 numbers is 360. Half the difference of 
the first and second is 15. Half the sum of the second and 
third is 105. What are the numbers ? Ans. 150, 120, and 
90. 

3. Find 3 numbers such that the first plus ^ of the second 
equals 90 ; the second plus ^ of the third equals 70 ; and 
the third plus 4 of the first equals 60. Ans. 70, 60, and 50. 

4. Divide 80 into two such parts that the greater divided 
by their difference may give 3 as a quotient. Ans, 48 and 
32. 

5. Divide 48 into 4 such parts that the first increased by 
3, the second diminished by 3, the third divided by 3, and 
the fourth multiplied by 3, shall give equal results. Ans. 
6, 12, 27, and 3. 

NoTB. See Section XLI., Example 29. 
18 
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6. Four equal sums of money were lying on a table. $20 
were taken from the first ; 830 from the second ; $40 from 
the third ; and $50 from the fourth ; when $260 were left 
on the table. What was the value of each sum? Ans. 
$100. 

7. A farmer owns 400 acres of land. He allows 1 acre 
of pasture for every 9 sheep he owns, and cultivates the 
rest of his ground. The number of acres under cultivation 
is 4 of the number of sheep he ovms. What is that num- 
ber? A718. 900. 

8. Divide 102 into two such parts that 56 subtracted from 
the greater shall leave the same remainder as when twice 
the less is subtracted from 76. Ans, 72 and 30. 

9. Divide 81 into three parts such that ^ of the first, | of 
the second, and ^ of the third, shall be equal. Ans. 18, 27, 
and 36. 

10. A merchant bought four bodks of entry. The ledger, 
journal, and blotter cost him $9.50. The journal, blotter, 
and cash-book cost him $7. The blotter, cash-book, and 
ledger cost him $8. The cash-book, ledger, and journal 
cost him $8.50. What did each cost ? Am. The ledger, 
$4; the journal, $3; the blotter, $2.50; and the cash-book, 
$1.50. 

11. A boy having 60 cents could buy 9 tops and 6 mar- 
bles, or 10 marbles and 5 balls, or 4 balls and 5 kites, or 6 
tops and 6 kites. What was the price of each article? 
Ans. Tops, 6 cents each; marbles, 1 cent each; balls, 10 
cents each ; and kites, 4 cents each. 

12. A person was desirous of giving 10 cents to each of 
some beggars, but had not enough change by 20 cents. He 
gave each of them 7 cents, and had 7 cents remaining. 
How many beggars were there? Ans. 9. 

13. Fritz and Hans can drink a cask of beer in 5 days. 
Fritz could drink it in 7 days. How long would it last 
Hans? Ans. 17^ days. 
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14. A steamboat that can go 18 miles an hour with the 
current, and 12 miles an hour against it, requires 1^ hours 
to go a certain distance and return. What is that distance? 
Ana. 9 miles. 

Note. Let x = the distance. It goes with the current, a mile in 

1 X 

Tg of an hour. To go x miles, takes Vq of an hour. So, to go x miles 

X 

against the current, takes t^ of an hour. The sum of these 2 times 
is IJ hours. 

15. What number equals ^ of j% of j% of itself, plus 1253. 
Aria. 1280. 

16. A man walks at the rate of 2 miles an hour for a cer- 
tain distance, and immediately returns on horseback at the 
rate bf 12 miles an hour. His journey occupies 10^ hours. 
How far does he go ? Ana. IS miles. 

17. One hundred pounds of boiling water will dissolve 40 
pounds of salt. How many pounds of boiling water must 
be added, so that the salt contained in 140 pounds of the 
mixture may be but 8 pounds. Arts. 560 pounds. 

Note. The mixture of salt and water is at first 140 pounds. Let 
X = the quantity to be added. Then the mixture becomes 140 + a; 
pounds, in which there are 40 pounds of salt. One-fifth of that much 
salt, or 8 pounds, will be contained in J of the mixture. Now J of 

X 

140 -}- X is 28 -f- c- This is what the question gives as 140 pounds. 

18. A does I of a piece of work in 6 days. B then as- 
sists him, and the two finish it in 8 more days. In what 
time could each do it alone? Ana. A could do it in 18 
days ; B, in 36 days. 

19. Find a fraction which will equal ^ if 2 be added to 
its numerator, and ^ if 3 be added to its denominator. 
Ana. /j. 

20. A merchant mixed some sugar that cost 6 cents a 
pound with some that cost 8 cents a pound. The mixture 
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contained 200 pounds and had cost him S15. How many 
pounds did he take of each kind? Ans, He took 50 pounds 
at 6 cents, and 150 at 8 cents. 

21. What is the number whose third part exceeds its 
fourth part by 4? Ans. 48. 

22. A father's age is 5 times that of his son. In 6 years 
his age will be only 3 times that of his son. What is the 
age of each ? Ans. The father's age is 30 years ; the son's, 
6 years. 

23. A man gave $1 to two poor persons, giving one 50 
cents more than the other. How much did he give to each ? 
Ans. He gave 75 cents to one, and 25 cents to the other. 

24. A tailor agreed to make a certain number of coats 
for $10 each. He made 5 more than he agreed to, and re- 
ceived for all $170. How many did he agree to make ? 
Ans. 12. 

25. Two persons' ages are to each other as 8 to 5. Fif- 
teen years ago they were in the ratio of 5 to 2. What are 
they ? Ans. 40 years and 25 years. \ 

26. One pipe will fill a certain cistern* in 4 hours, and 
another in 6 hours. How long will it take them to fill it, 
if both run together ? Ans. 2 hours 24 minutes. 

27. A liquor-dealer has wine worth $5 a gallon, and wine 
worth $8 a gallon, and wishes to make a mixture of 120 
gallons worth $6 a gallon. How much of each must he 
take? -4rw. He must take 80 gallons at $5, and 40 gallons 
at $8. 

28. Find two numbers such that the first increased by 9 
shall be 3 times the second, and the second increased by 3 
shall be ^ of the first. Ans. 36 and 15. 

29. If 32 pounds of sea water contain 1 pound of salt, 
how much fresh water must be added to these 32 pounds in 
order to make the quantity of salt contained in 32 pounds 
of the new mixture only 1 ounce. Ans. 480 pounds. 
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30. There is a certain number of two digits. The sum 
of its digits is 11, If 19 be added to the first digit, the 
sum will be 5 times the second. What is the number? 
Ans, 65. 

SECTION LV. 
Involution. 

Involution is the formation of powers. 

The second power of a is a*, which means aa^ or a multi- 
plied by a. The third power of a is a', which means aaa. 

When we write a, it is th^ same thing as if we wrote a\ 

To raise a quantity whose index is 1 to any power, we 
have only to write the index of that power in the proper 
place. 

Let us now raise a' to the fifth power. That is, let us 
multiply together a', a', a^ a', and a*. By the principles 
of multiplication, we know that the product is a^*. That is, 
adding all the indices is the same thing as multiplying the 
index 3 by 5. In the same way, a* raised to the seventh 
power is a^. 

Let us next raise 3 a}x^i^z to the fifth power. Every fac- 
tor of this expression is used as a multiplier when we mul- 
tiply by the whole expression. Hence, we have but to find 
the fifth power of each of the factors, and write them to- 
gether for the fifth power of the whole. We find the fifth 
power of 3 to be 243, and write after it the fifth power of 
each of the others. The result is 243 c^^z^f'^T^, 

When a negative quantity is to be raised to any power, 
the rule for the signs in multiplication must be observed. 

Let us raise — a to the seventh power. We know that 
18* O 
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— a X —a = + a*. 

— ax + a* ^ —a\ 

— ax — a^ = + a\ 

— ax + a* =:z —a\ 

— a X — a^ — + a\ 

— ax + c^ = — a\ 

Here we see that when we involve a negative quantity, 
even powers will be +, and odd powers will be — . 
To involve a fraction, involve both of its terms. 

Problem. Raise a + 6 to the fourth power. 

Solution. This means, multiply a + bhj a + b; mul- 
tiply that product by a + h; and then multiply thai pro- 
duct by a + 6. The operation is as follows: 



a + b 
a + b 




a' + ah 

ah+ b* 




a' + 2 a 6 + b' -= the second power. 
a + b 


a»+ 2a^6 4- aft' 

a'b + 2ab^ + 


6» 


a» + Sa^b + SaP + 
a + 


6' = the third power. 
b 


a*+ Sa'b + Sa'b' + ab* 

a'b + Sa'b' + Sab' + 6* 



a* + 4 a'6 + 6 d^b* + 4 a6' + 6* = the fourth power. 

So to raise any polynomial to any power, take that poly- 
nomial as a factor as many times as the exponent of the 
power indicates. 

EXAMPLES. 

1. Square 3 a*e ; that is, raise it to the 2d power. 

Ans, 9aV. 

2. Square — 3 a*c. Ana, 9 aV. 
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3. Cube 7 a^xy:^ ; that is, raise it to the 3d power. 

Am. 343a«xy2^ 

4. Cube— 7a^j:2/2«. An%, — 343aV2/V*. 
6. Raise 8 (u^^x^t^ to the 4th power. 

An%. 4096aVx«i/i«2«». 

6. Eaise — 2 cl&x to the 5th power. Ans, — 32 (s'&ji^, 

7. Eaise 2 oca: to the 5th power. A'm, 32 aVa;*. 

8. Eaise 7 m to the 2d power. A7i%. 49 ?/l^ 

9. Eaise a to the 27th power. Am, a^. 

10. Eaise — a to the 27th power. An%. — a^. 

11. Eaise — 2 x^y^z to the 7th power. Am. — 128 x'^y'^^z^. 

12. Eaise —Zc^b^d'd^e to the 6th power. 

^7w. 729a»6V«rf^'^e«. 

13. "Eaise a'6 to the 23d power. Am. aH"^. 

14. Eaise — a^b to the 23d power. Am. — a*^b^. 

15. Eaise mn^c to the 8th power. Ans. mW^(^. . 

16. Eaise — cwjV~ to ^^^ 9th power. ^rw. —a^od^y^. 

17. Eaise — 10a'°a?i/^~ to the 10th power. 

Am. 10,000,000,000 a'^x'y^^. 

18. Eaise 4 c^n^y to the 5th power. Am. 1024k c^n^y'\ 

19. Find the 3d power of — 8 <^y\ Am. — 512 c«^". 

20. Find the 2d power of — 8 <^y\ Am. 64 c^y\ 

21. Eaise x + y to the 2d, 3d, 4th, 5th, 6th, and 7th powers, 
Ans. x^ + 2xy + y* ^ the 2d power. 

a^ + S x^y + 3 57^* + y* = the 3d power. 

ic* + \a^y + 6iry + 4tX]^ + y* = the 4th power. 

a* + bx^ + 10a?y + lOa^y + 5ary* + t/^ = 

the 5th pQwer. 
r^ + 6xV + 15jr<t/« + 20ar»/ + 15a;y + ^X]^ 

+ 2/* = the 6th power. 
x^ + 7a;«i, + 21a^y^ + 35a:y + 35ar^y* + 21xy 
+ 7 a?y* + y* = the 7th power. 
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22. Raise x — 1/ to the 2d, 3d, 4th, 6th, 6th, and 7th powers. 
Arts, a? — 2a:2/ + 2/' = the 2d power. 

(& — Zs?y •\- Zxf — y' == the 3d power. 

SB* — 4x*y + Gary — 4lX\^ + 2/* = the 4th power. 

x»— 6a:*2/ + 10a;y — 10a?y + ^xxf' —%^ = the 

5th power. 
3^ —Qa^y + 15a:y — 20ar»/ + 15a:y — Gx^ 

+ y* s= the 6th power. 
aji—7x^y+ 21a;»2/'— 35«*2/» + 35a:y— 21ary 
+ 7 xi/^ — y = the 7th power. 

23. Raise 2 aft + 3 (T to the 3d power. 

Ans. 8a»6« + SQa'b'd' + diabd' + 27 d». 

24. Raise 2 06 — 3 d» to the 3d power. 

Am. 8 a«6» — 36 a'b'd' + 54 a6d* — 27 d». 

25. Raise 5 cd + n to the 5th power. 

Ans. 3125 c*tP + S125 c*d*n + 1250 c»ci»n* + 250c'c?'n» 

+ 25 ce^n* + n*. 

26. Raise bed — n to the 5th power. 

Ans, 3125 c*(P— 3125 c*rf*n + 1 250 c'd'n' —250 c'dW 

+ 25 cdn*—n\ 

27. Raise x + 1/ — z to the 3d power. 

Ans. a? + Zx^y —ZxH + f + Zxf—Zy^z — 2» + 

3 arz' + 3 yz^ — 6 xyz. 

28. Raise a + 6 — c + dto the 2d power. 

Ans. a' + 2ah + 6» — 2a(5 + 2ad + c* — 26c + 

2M — 2cd + d\ 

29. Raise — ^ to the 5th power. Ans, — j^-is— 

my^ ^ m'y^^ 

5 CK ^— 4 X 

30. Raise -5 u— = to the 4th power. 

625 g* — 2000 a'.c + 2400 a^x* — 1280 ax» + 256 x^ 
^^- a« — 8 a«x» + 24 a*.i;« — 32 aV + 16 a;^*. 
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SECTION LVI. 

The Binomial Theorem. 

The Binomial Theorem gives a short way of writing 
down, without actual multiplication, the powers of any bi- 
nomial. Let us take x + y and x — y as specimen bino- 
mials, and consider their powers, as found in Examples 21 
and 22 of the preceding section. 

First. As regards the Signs in these powers. We ob- 
serve that in Example 21, when the connecting sign of the 
• binomial is +, all the signs of the powers are +. In Ex- 
ample 22, when the connecting sign of the binomial is — , 
the even terms (the 2d, 4th, 6th, and so on) are — . 

Second. As regards the Exponents. The first term 
of the binomial, x, has its leading exponent in each power 
the same as the number of the power. Thus, the 2d power 
begins with x^ ; the 3d power, with «' ; the 4th power, with 
x^; and so on. The powers of x then regularly decrease. 
Thus, in the 5th power of the binomial in both examples, we 
have first x*, then x^, then x*, then x^, and then x, in the suc- 
cessive terms. The powers of y, on the contrary, increase. 
They begin in the second term with y, then we have y*, then 
y, then ^*, and then 2/*, ending as high as x began. Leav- 
ing out the coefficients, the terms would stand 

a-5 + x*y + x'y' + xy + xy' + y^, 
3^ — x^y + OiSf — x]^ + x]f' — xf". 
Third. As regards the Coefficients. The first coeffi- 
cient in each of the powers may be omitted, as it is 1. In 
the 2d term, the coefficient is the same as the number of the 
power. In the 2d power it is 2 ; in the 3d power, 3; in the 
4th power, 4 ; and so on. This is the case both in Example 
21 and in Example 22. Now, it will be found that if we 
take any term, multiply its coefficient by the exponent of its 
leading letter, and divide by the number of the term, we shall 
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obtain the coefficient of the next term. Thus, in Example 
22, take the 7th power of x — y. Its 2d term is 7 a:V> the 
coefficient being 7. Multiply 7 by 6 (the exponent of the 
leading letter, x). The product is 42. Divide this by 2, 
as we are at the 2d term. The quotient, 21, is the next co- 
efficient. Continuing in the same way, we may find all the 
succeeding coefficients. 

Problem 1. Raise a — n to the 6th power. 

Solution. Since the connecting sign is — , the even 
terms (2d, 4th, &c.) will be — . 

The first term will be a", and the powers of a will decrease, 
thus : a^— (^ ^ a* _ a^ ^ a^— a. 

Inserting now the increasing powers of n, we have : 

a* — a^n + a*n' — a'»' + a^n^ — an^ + n*. 

As to the coefficients, that of the 2d term must be 6, giv- 
ing thus far : a* — 6 a*n. 

Multiply this 6 by the coefficient, 5, of the leading let- 
ter, a, and divide by 2, as we are at the 2d term. 6x5 
a= 30. Dividing by 2, we have 15, giving thus far : 
a^—Qa^n + 15aV. 
Multiply this 15 by the coefficient, 4, of a, and divide by 
3, giving 20. So we have thus far : 

a« — 6 c^n + 15 a*/i» — 20 aV. 
Multiply this 20 by 3, and divide by 4, since we are at 
the 4th term. We get 15. So we have thus far : 
a« — 6 ahi + 1 5 aW — 20 aV + 15 aV. 
Multiply this 15 by the coefficient, 2, of a, and divide by 
5. We get 6. So we have thus far : 

a^—Q c^n + 15 a*/i^ — 20 a'?i» -f- 15 a*n* — 6 an\ 
Multiply this 6 by the coefficient of a (1 understood) and 
divide by 6, as we are at the 6th term. We get 1. This 
need not be set down as a coefficient, since it will be under- 
stood without actually being thera So we have finally : 
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a^—6a^n + 15aV — 20aV + 15 aW — 6 an'* + n\ 
This is the 6th power of a — n. It may be observed also 
that the coefficients vary from the end just as from the be- 
ginning. So that when half of them are known, the others 
can be written down. 

This mode of finding the powers of a binomial was discovered by 
Sir Isaac Newton. He left no proof of its correctness. Whenever it 
has been tested by actual multiplication, the results have been found 
to be correct. It has also been proved that it must be correct in all 
cases. The proof may be found in most treatises which include the 
more advanced and difl&cult parts of Algebra. 

Problem 2. Raise ar* + 2 1/* to the 4th power. 

Solution. In this example, we must perform the same 
operations on the terms as if they were single letters whose 
coefficients and exponents were 1 understood. We have 
explained how to use the Binomial Theorem in raising a 
binomial with such simple terms to the 4th power. Thus, 
we may take a + 5, aud find its 4th power. It will be 

found to be 

a* + 4 a»5 + 6 a'b' + 4ab' + 6*. 

Now, instead of a put ir*, and instead of b put 2 i/*, en- 
closing them in parentheses, so as to show what operations 
are to be performed on them. We then have 

(.X*)* + 4 (x^y (2 2/») + 6 (x^y (2 yy + 4 (a;*) (2 fy 

+ (2 fy. 

It is now seen that to obtain the true first term, x* is to 
be raised to the 4th power; to obtain the second term, a?* is 
to be raised to the 3d power and the result multiplied by 
2 f and by 4 ; to obtain the third term, x* is to be raised 
to the 2d power, so is 2 y^, and the results are to be multi- 
plied together and by 6. So on with all the terms. Per- 
forming these operations, the result is 

.ric -f Sx'Y + 24a:Y + S2rMf + 16 1/^ 

Thus, if each term of a binomial is not simply a single 
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letter, the Binomial Theorem may be applied to it jv>8t as 
if each term were so; but the terms must be enclosed in paren- 
theses, and the operations which are indicated must be per- 
formed on them afterward. 

EXAMPLES. 

1. Raise x + a to the 5th power by the Binomial Theo- 
rem. 

Ans. a* + dx^a + 10 ai^a^ + 10 xV + 6xa* + a*. 

2. Raise a — « to the 6th power by the Binomial Theo- 
rem. 

Ans. a^—6o^x + 15 a*x» — 20 a»x» + 15aV— 6cm;» 

« 

3. Raise e — a to the 9th power by the Binomial Theo- 
rem. 

Ans. c* — 9c»a + 36cV— 84c«a» + 126 c^a* — 126 
cV + 84 cV — 36 c'a' + 9 ca« — a». 

4. Raise a + nix) the 10th power by the Binomial Theo- 

rem. 
Ans. a}^ + 10 a*n + 45 aV + 120 aV + 210 aV + 252 
a»n» + 210 aV + 120 aW + 45 aV + 10 an» + n'^ 

5. Raise m — n to the 7th power by the Binomial Theo- 
rem. 

Ans. m» — 7m«n + 21 mV _35rnV + 35 mV —21 

m W + 7 mn^ — n'. 

6. Raise 3 a; — 6 y to the 3d power by the Binomial Theo- 

rem. Ans. 27 x» — 162 x^y + 324 xf — 216 y^. 

7. Raise ar' — y^ to the 8th power by the Binomial Theo- 

rem. 
Ans. x'^—Sx'Y + 28 a: V — 56a:V + 70 a:^/ —56 
icy° + 28a;V» — 8.ry* + y'\ 

8. Raise 5 a; — y to the 5th power by the Binomial Theo- 

rem. 

Ans. 3125 itH^ —3125 a?V + 1250 ar»y — 250 xY 

+ 25x1/*' —^. 
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9. Raise x + c to the 2d power by the Binomial Theo- 
rem. Ans. x^ + 2xc + c\ 

10. Raise a + 6 to the 3d power by the Binomial Theo- 
rem. Ans. a^ + Sa'b + 3 aft' + b\ 

11. Raise 5x + Sy to the 6th power by the Binomial 
Theorem. 

Ans. 15625 a;* + 56250 a;*t/ + 84375 a;y -f 67500 ^V 
-f 30375 xy -f 7290 j:/ + 729 2/«. 

12. Raise 2 m' -f 5n* to the 4th power by the Binomial 
Theorem. 

Ans. 16 m" + 160 m^n*' + 600 mV + 1000 mV* -f- 

625 n^«. 

13. Raise 5 p^ — 2 g* to the 4th power by the Binomial 
Theorem. 

Ans. 625 p»— 1000 2?V + OOOp^— 160j9V 

+ 16^". 

14. Raise 2 c* — 3 m^n to the 5th power by the Binomial 

Theorem. 
Ans. 32 c» — 240 c'^'m'n + 720 c^^m^n^ — 1080 c'mV 
-f 810c*mV — 243m^W. 

15. Raise 3 m^n — 2 c* to the 5th power by the Binomial 

Theorem. 

Ans. 243 m'V — 810 c*m^n* + 1080 (^m^n'' 
— 720 c'^m^n^ + 240 c'^m^n — 32 c\ 

16. Raise 1 — v to the 9th power by the Binomial Theo- 
rem. 

Ans. 1— 9i; + 36t;' — 841^^ + 126t;* — 126v» 
+ 84i/»— 36t;^ + 9v»— 1;». 

17. Raise 2x — 1 to the 6th power by the Binomial Theo- 
rem. 

Ans. 6^af' — ld2a^ + 240 a:* — 160 jr» + 60a;' 

— 12a:+ 1. 

18. Raise 6 + 1 to the 3d power by the Binomial Theo- 
rem. Ans. 216 + 108 -f 18 + 1. 

19 
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19. Raise to the 5th power by the Binomial Theo- 

. 1 5 , 10 10 , 5 1 
Ans. -__+--__+ -, -^ 

20. Raise ^ — o ^ *^® ^^^ power by the Binomial Theo- 

j,„. ___ + ____ + _. 

NoTB. After performing the 18th example by the Binomial Theo- 
rem, add all the terms together and see if they are equal to the third 
power of 7. They should be so, since 6 -f ^ is the same as 7. 



SECTION LVII. 

Evolution. Roots of Monomials. 

Evolution is the extraction of roots. Hence its processes 
are the reverse of the processes of Involution. 

Roots of Monomials, 

As the 2d power of a' is a*, the square root of a* is o^. 
As the 3d power of a' is a^, the cube root of a' is a\ And 
in all cases, as we multiply the index of a monomial by the 
number expressing the power to which we wish to raise it, 
so we must divide by the number expressing the root which 
we wish to extract. Thus the fourth root of a^ is a^ 

To extract the cube root of a monomial composed of sev- 
eral factors, such as 64 a^y^^z'^, is the «ame as to extract the 
roots of its factors separately. The cube root of 64 is 4, the 
cube root of a* is x^, and so on. The result, the cube root 
of the whole monomial, is 4 oo^^z'. 
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EXAMPLES. 

1. Extract the square root of 4aV. Ans, 2 ox. 

2. Extract the cube root of a^x^^^\ Ans. a^x*y. 

3. Extract the 4th root of 16 m}*xy. Ans. 2m^xi/\ 

4. Extract the 5th root of 32 c^d^e^^' Ans. 2 cde\ 

5. Extract the 3d root of 8 m^(^dJ^. Ans. 2 mh'^d^K 

6. Extract the 8th root of x'^y^z*^. ^ Ans. xy^. 

7. Extract the 10th root ofn^p\ Ans. n^p. 

8. Extract the 3d root of 27 cf'd^m^. Ans. 3 c'e^W. 

9. Extract the 4th root of 81 ar*^/"^*. Ans. 3 x^z. 

10. Extract the 5th root of 243 x^y^z"^. Ans. 3 xyz^. 

11. Find the 3d root of 125 a^y^. Ans. 5 x^y"^. 

12. Find the 2d root of 100 x'*n\ Ans. 10 x^n\ 

13. Find the 2d root of %. Ans. % 



14. Find the 4th root of -^-^'. Ans. ?#'^. 

81 7i* 3 n 

15. Find the 3d root of ^§^^. Ans. ^. 

rx^^ zar 

16. Find the 5th root of -is-ToIt- -^^- t-^- 

a* a' 

17. Find the 10th root of -^. Ans. ^. 

18. Find the 6th root of ^, , „ . Ans. 



64 xy' 2x1/* 

27 1 

19. Find the 3d root of j~. " Ans. - 

27 y* y 

4 9 

20. Find the 2d root of ^ x'^y^'. Ans. ^x^}^. 
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SECTION LVIII. 
Square Roots of Polynomials. 

To take the square root of x^ + 2xy + y', we must first 
find the square root of a part of it, for instance, of jc\ The 
square root of a?' is x. This is the first part of the root 

We must next consider 2xy + y^, the rest of the quan- 
tity whose square root we are finding. If we double the 
first part of the root, obtaining 2 .r, and divide the first term 
of 2 xy + y' by it, we get y, tlie next term of the root. 

This may be proved true by actual multiplication : x + y 
multiplied hy x + y will give a;' + 2xy + y\ 

We must observe that this square consists of two parts, 
x^ and 2 xy + y*. The latter part may be obtained thus : 
To the 2 X, the partial divisor by which we got the term y, 
add that term, making 2x + y. Multiply the divisor thus 
completed, by its last term, y, and we obtain 2xy + y\ 

Now what we have said is applicable to any quantity 
which has a square root. The first part of the root may be 
operated on as x was above, and the next term found as y 
was. This must be true ; for x and y may stand for the two 
parts of any square root, the square of which must then be 
the same asx^ + 2xy + y^. 

Before extracting the square root of any quantity, its terms 
should be arranged as in Division. 

Problem. Extract the square root of 4 x« — 12 a^y + 
29a;y— 30xV + 25 ^y. 

OPERATION. 
4-* TO . Boot 

— 8a:V\ — 12x5y^^yjZ30xV+25xV ■ 

^j^2x^,j-^ 9x*.va 

^ — ez^f^ + •'^^.V'\~2bx^/i::.30x».y8-f 25 xV 
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Explanation. Here the terms are already arranged 
according to the powers of x, beginning with the 6th, then 
the 5th, then the 4th, and so on. 

The square root of 4 x* is 2 a^. We set down that much 
of the root, and subtract the square 4 x^ from the whole 
power. 

We then double 2 x', giving 4 x', and divide that into the 
first term of the remainder. It gives — Sx^y, We set 
down — ^x^y in the root, and also after the partial divisor 
4 a;', and multiply the divisor thus completed by — 3x*y. 
It gives — 12 Ji^y + 9 x*y^, which we subtract from the part 
of the power which we are considering. 

We then double 2j^ — 3 x^y, the part of the root already 
found, and set down as before the product, 4a^ — 6 x^i/, as 
a partial divisor. Dividing, we get + 5 a?^, which we set 
down in the root and after the partial divisor. Multiplying 
the completed divisor by 5 xy"^ and subtracting it from the 
remainder of the power, we find that nothing remains. 

EXAMPLES. 

Find the square roots of the following quantities. 

1. x^ + ixy + 4i/\ Ans. x + 2y. 

2. a* + 2 a'a? + a*^'. Ans. a' + clx» 

3. a* + 2 a^x + x^. Am, c^ + x. 

4. a* — 6 a'x + 9 x\ Am. a^—Zx, 
6. a^a?' — 2 a^a^ + a V. Ans, a^x — cwt*. 

6. c* — 10 c^d + 25 (f . Am. e'—dd. 

7. 1 + 10c + 25c'. Am. 1 + 5c. 

8. 225 + 90m + 9m«. Am. 15 + 3m. 

9. 36 + 12 + 1. Am. 6 + 1 = 7. 
10. x^ + 2xy + 2xz + t/« + 2yz + z\ 

Ans, X + y + z, 
19* 
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11. 4o« + 20ae—4am + 25c' — 10cm + m\ 

A718. 2 a + 6 c — m. 

12. 1 + 6« + 2< + O** 4- 6«< + t\ Ana, 1 + S8 + t 

13. 9 + 6m + 48 n + TO» + 16 mn + 64n\ 

Ans. 3 + m + 8 n. 

14. 1 + 4 + 10 + 12 + 9. Ana. 1 + 2 + 3=6. 

15. 4a« + 4a + 4(u?* + 1 + 2a;* + x*. 

A118. 2 a + 1 + a;*. 

16. 4c»— 4c* + 4c» — 3c*— 20^ + 3c*— 2c + 1. 

Ans. 2c*— c' + c — 1. 

17. o» + 2a^ + 2ac —2ad + 6' + 26c —2bd + c» 
— 2cd + (P. Ans. a + b + c—d. 

18. a?« + 2a?'— X* + 3jr*— 2^' + x\ 

Ans, X* + ar^ — x^ + x. 

19. 25a:« + 20a:* + 14ar* — 6a:» — 3x» — 2a: + 1. 

Ans. 5x^ + 2x* + a? — 1. 

20. 49a:* — 14aa:» + 15aV — 2a»a: + a*. 

Ans. 7 a:* — ax + o*. 



SECTION LIX. 
Classification of Equations. 

Simple equations are those in which the unknown quanti- 
ties are all of the first power. Simple equations are also 
called equations of the first degree. The equations thus far 
given in this book have been of the first degree. 

Quadratic equaiions^ or equations of the second degree, are 
those which contain the second power or the second root of 
an unknown quantity, or the product of two unknown quan- 
tities ; but do not contain any higher power or root, or a 
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product of more than two unknown quantities. They may 
also contain the first power of an unknown quantity. If 
they do, they are called complete or adjected quadratic equa- 
tions. If they do not, they are called incomplete or pure 
quadratic equations. 

Cubic equations contain the third power or root of an un- 
known quantity, or the product of three unknown factors ; 
but no higher power or root, or product of more than three 
unknown quantities. Cubic equations are of the third degree. 

Biquadratic equations contain the fourth power or root of 
an unknown quantity, or the product of four unknown fac- 
tors ; but no higher power, root, or product. They are of 
the fourth degree. 

Equations containing higher powers, roots, or products, 
are of the^i/ifA, sixthy seventh^ &c., degrees. 

A simple equation, x — 6 = 1 x — 50 — 2x, 

x^ = 36. 
Pure quadratic equations, 




Adfeeted quadratic equations, , , 

•^ ^ ^ ' f^y+ a: = 16.7 

1 y + x»=19.; 

A cubic equation, ar^ + x^ + x ^=s 39. 

A biquadratic equation, x^ — 5 a;' + 3 = 64. 

An equation of the fifth degree, x^ + x = 9. 

An equation of the sixth degree, 

2a;*— 3 a;* + x^—4:a^—x^ + a;— 4= 7. 
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SECTION LX. 

Pure Quadratic Equations^ and others Similarly 
Solved. 

Pbobleh 1. Given a? = 49, to* find the values of x. 

Solution. Any square number, such as 49, has two 
square roots ; for, + 7 multiplied by + 7 gives 49, and 
^- 7 multiplied by — 7 gives 49. Consequently, the value 
of a: may be either + 7 or — 7, not both at once, but either 
one. The operation b generally set down thus : 
x' = 49. 

The double sign should be read plus or minus. 

Problem 2. Given (x + 3)» = 6 a? + 34, to find the 
values of x. 

Solution. This is not strictly a pure quadratic equa- 
tion, as it contains the first power of x. But, as will be 
seen, it can be easily reduced to one. 

{x + 3)' = ex + 34. 
Squaring the a? + 3, x* + 6x + 9 =^ Qx + 34. 
Cancelling, a:* + 9 = 34. 

Transposing, a:' = 34 — 9. 

x* = 25. 
Taking the square root, a? =s =b 5. 

Hence x may either equal + 5 or — 5 in the given equa- 
tion. By substituting either -f 5 or — 5 for a? in that 
equation, the results will be found to be equal, thus proving 
the answer. 

The true value of an unknown quantity, when substituted 
in an equation for that quantity, is said to satisfy the equa- 
tion. That is, the equality is preserved. 
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Problem 3. Given ^ — ^g ~ "^ "^4 ''" 6 9' "^ "°^ 
the values of x. 

Solution. As this stands, it is a simple equation. By 
clearing of fractions, it becomes a pure quadratic equation. 

X a;__72 ^1^1? 

9 ""36 "Ic 4 "^ 6 "^ 9' 

Clearing effractions, 4x« —0^= 2592 ~ 9a:' + 6x' + ix\ 
Transposing, 4x^ — a;= + 9x» — 6x' — 4x^ = 2592. 

2x« == 2592. 

X* = 1296. 

a: =±36. 



Problem 4. Given V9 + x^ = 5, to find the value of x. 



Solution. s/Q + x^ ^ 5. 

Squaring both members, 9 + a;' = 25. 

a;»= 25—9. 
x" = 16. 
a: =±4. 

It must be known that to square the square root of a 
quantity is to obtain the quantity itself. Hence, to square 
a radical quantity, remove the radical sign, provided it is 
the square root which is indicated by that sign. 

v^lOf— -a? X 

Problem 5. Given '■ = 4, to find the 

X 

values of x. 

a \/l04 — a;* — a? . 
Solution. = 4. 

X 

Clearing of fractions, V'l04 — x^ — x = 4a;. 

It will not do to square yet, as the radical quantity does 
not stand by itself. 

P 
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Transposing, x/lO-i—x" = 4x + «. 

\/l04— x» = 5x. 
Squaring now, 104 — x^ = 25x'. 

Transposing, — 25x* — x' = — 104. 

Caianging all the signs, 25x' + a:* = 104. 

26x* = 104. 
j;* = 4. 
a;= ±2. 



Problem 6. Given ^4 + x\/im — 8x = a; — 2, to 
find the values of x. 



Solution. ^4 + xs/l60j-Sx ^x—2. 

Squaring, 4 + x^^lGO — 8ar = a;' — 4x + 4. 
Cancelling 4, J?\/160 —to = a?' — 4a;. 
Dividing by a?, \^160 — 8x = x — 4. 
Squaring again, 160 — 8a; = a?« — 8a; + 16. 

Cancelling — 8a:, ' 160 = x« + 16. 

— a:>== + 16—160. 
x« = — 16 + 160. 
a;' = 144. 
a: = ± 12. 

EXAMPLES. 

1. Given a;" — 15 = 49, to find the values of x. 

Am, a: = ± 8. 

2. Given 6a;' + 5 = 50, to find the values of x. 

Ans, a; = it 3. 

3. Given 8a;« — 12 = 8 + 3x«, to find the values of r. 

Am, a; = =t 2. 

4. Given 7x' — 90 + 8 = 45 —15, to find the values of 
J, Am. a? = i 4. 

5. Given 9a;' — 4 = 0, to find the values of x. 

Am, a; = ± |. 
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6. Given 3a;« — 72 = 2x^ + 72, to find the values of x. 

Am. a? = d= 12. 

7. Given 2Zx^ — 7 == 28x* — 52, to find the values of x. 

Arts, a? = ± 3. 

9 9 

8. Given ^ h s— ^ — = 12, to find the values of x. 

2 — X ^ 2 +x ' 

Ans. a? = ± 1. 

9. Given 3a;« — 4 = 121 —2x\ to find the values of a;. 

Ana. a: = ± 5. 

1 18 

10. Given r— ^ \- :z = h, to find the values of a;. 

1 +a: 1 — X 3 

Ans. a = ± ^. 

11. Given {x + 4)' = 8x + 25, to find the values of x. 

Arts, a? = ± 3. 

12. Given ^ a;' — (5x« — 16) = ^^^^ + ^Q^ , to find the 

values of x. Ana. a: = =b 5. 

13. Given 3x = -s-> to find the values of x. 

X 3 

Ana. a? =5 ± 9. 

14. Given (4x + |)« = 2a; + ly^, to find the values of x. 

Ana. a? = ± |. 

15. Given — ^-= -5- == . . , ^^ > to find the values 

15 3 4a;* + 19 

of X. Ana. a: = ± 3. 

Note. First perform the subtraction of -g from — y^ — , and re- 
duce the resulting fraction to its lowest terms. 

16. Given ^ ^ 8| = 7.—,-* to find the values of x. 

Ana. a; = =b 2. 

17. Given 7 H r— =■ = -= t> to find the values 

X — 1 X + 1 x' — 1 

of a?. Ana. a? = ± 3. 
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18. Given ^^ = 45, to find the values of x. 



Ana. X = ±6, 



19. Given \^3x* + 6 = 9, to find the values of x. 

Ana. a: = =b 5. 

20. Given \^^ +27 = 2\/9, to find the values of x. 

Ana. a; = dz 3. 

21. Given x + 7a: = 2a:*, to find the values of x. 

Am. a: = dz 2. 



22. Given v^x* + 16 — 6 = 3, to find the values of x. 

Ana. a: = zt 7. 

In the following examples, the equations, when reduced^ 
are not quadratic, and x has but one value. 

23. Given y/Zx + 10 = 5, to find the value of a:. 

Ana. X = d. 



24. Given^^21 +a: = 7— -v/x, to find the value of x. 

Ana. a? = 4. 

25. Given V^x — 5 = ^/x — 1, to find the value of x. 

Ana. X = 9. 

26. Given ^/x — 11 =r ^/x + 1, to find the value of x. 

Ana. X = 36. 

27. Given ^x— 9 = v/x — 1, to find the value of x. 

Ana. X = 25. 

28. Given \/Sx — 11 = \/Sx — 1, to find the value of x. 

Ana. X = 12. 

29. Given ^4 + x v^x'^— 80 = x — 2, to find the value 
of X. Ana. X = 12. 

30. Given x + \/l6x + x» =s 8, to find the value of x. 

Ana. X = 2. 
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SECTION LXI. 

Equations Avith Two Unknown Quantities. 

When pure quadratic equations contain two unknown 
quantities, various artifices are employed for elimination, 
the most general of which will appear from the following 
examples : 

Pkoblem 1. Given < ^ "\^^ = 14 f *^ ^°^ *^® values 
of X and y. 

Solution. Squaring the members of the first equation. 

X* + 2xy + y^ ^ 81. 
Subtracting 4 times the 

members of the second, Axy = 66. 

x^—2a:y + 2/'= 25. 
Taking the square root, x — y == ± 5. 

Adding the members of 

the first equation, x + y = 9. 

2x = 14 or 4. 

X = 7 or 2. 

Substituting the values of a: in the^ 

equation, a? + y = 9, we have y = 2 or 7. 

We see that if a? = 7, t/ = 2 ; but, if a? == 2, t/ = 7. 

Problem 2. Given ■< ^ "*" !( ^ n * {• to find the values 
I a; — 2/ = 7. j 

of X and y. 

Solution. The first equation is, 

x^ + y' = 66. 

Squaring both members of the 

second, x^ — 2xy + t/* == 49. 

Subtracting, 2xy = 16. 

Adding the members of this to 

the members of the first 

equation, x* + 2xy + y* = 81. 

Extracting the square root, x + y «■ ± 9. 

20 
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• With this equation and the second of the original equa- 
tionSy the values of x and y may be found as in the preced- 
ing problem. It will be found that x may be equal to 8, in 
which case y = 1, or a; may be equal to — 1, in which case 
y«— 8. 

EXAMPLES. 

1. Given -J ^ ~^ ~ 7* f ^ ^"^ *^® values of a? and y. 

Ana. X = 7 or — 1; y = 1 or — 7. 

2. Given | * '^^ ^ ^g | to find the values of a; and y. 

Ans, a? = 6 or 3 ; y = 3 or 5. 

3. Given { |^ ^ 13 | to find the values of x and y. 

Ana. a: = 9 or ^ ; y = 2 or 36. 
NoTs. This is similar to the two preceding it. 

4. Given \ "^xv = 48 l *^ ^^^ *^® values of x and y. 

Ana, a? = 4or — 2; y = 3or — 6. 

NoTS. This also is similar to the preceding, only it is not ixy that 
is to be added to the middle term after squaring the members of the 
first equation, but 2ixy, as that is double the middle term. 

(- + ^ = 2. ) 
6. Given ]y x * 5- to find the values of x and y. 

(x* + t/«=32.) 

Ana, a? = ±4;y=d=4. 

NoTS. Clear of fractions, and then find what 2xy equals. 

6. Given |^' ^K ^ {35*} to find the values of x and y. 

Ana, x = dt 12 ; y = ± 3. 

7. Given •|^iv^4*fto find the values of x and y. 

Ana, a? = 3 or 1 ; y = 1 or 3. 
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8. Given i ^2 ~^ ^ 12 [ *^ *^^ *^® values of x and y. 

Ans. rr=±4;|'=±2. 
Note. First divide the members of the first equation by those of 
the second. 

9. Given \^ ^ ~o 'f-to find the values of x and y. 

Ix — y = d. ) 

Ans. a: = 5 ; 2/ = 2. 

10. Given {^ T^' ^ g^*| to find the values of x and y. 

^n«. a: = 6 ; y = 2. 

SECTION LXII. 
Adfected Quadratic Equations. 

If we square a monomial, the result is a monomial. Thus, 
if we square 7a V, we get 49fi*a;^°. 

If we square a binomial, the result is a trinomial. Thus, 
if we square x + a, we get x^ + 2,ax + a\ 

Reversing these operations, we see that we can take the 
square root of a monomial or of a trinomial. We cannot, 
however, take the square root of a binomial. 

Let us consider the equation 

ic" + 6x^ 16. 
We cannot take the square root of x^ + 6a:, since it has but 
two terms ; but we can add something to it which will make 
it a complete square, and then take the square root. By 
Theorem I., page 96, the square of the sum of two quantities 
is equal to the square of the first, plus tvdce the product of the 
first and second, plus the square of the second. Now here we 
may consider x^ the square of the first, and 6a; twice the 
product of the first and second. Then 3a; will be once the 
product of the first and second. Dividing by x, which is 
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the first, we find that 3 must be the second. The square of 
this IB 9, which must be added to a;' + 6x, and also to 16, 
to preserve the equality. 

x* + 6x =: 16. 

9= 9. 



ar* + 6ar + 9 = 25. 
Taking the square root, a? + 3 = d= 5. 

a:= =b5— 3. 

« = 2 or— 8. 

The operation we have just explained is called completing 
ihe square. 

Pbobleic. Find the value of x in the equation 
x+1 _ x—1 3 
X — l""a; + l"*'2' 

Solution. This equation is not quadratic as it stands, 
but becomes so when cleared of fractions. 
Clearing of fractions, 

2a:» + 4r + 2= 2a:*— 4c + 2 + 3a;» — 3. 
Collecting, — 3a:' + 8a; = — 3. 

Changing signs, 3a:' — 8x = 3. 

Now, as the first term is not a perfect square, it must be 
made so. This can always be done by dividing by the coef- 
ficient of x\ 

Performing this division, a^ — |^ == 1. 

In order to complete the square, consider that x must be 
the first term of the root, and — |x twice the product of the 
two terms. Then — |.t must be once that product. Divid- 
ing by X, which is the first, we find that — ^ must be the 
second. The square of this is '^•j which must be added to 
X* — fa;, and also to 1, to preserve the equality. 

a?»_|a? » 1. 
V = V > 
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Taking the square root, x — | = rb |. 

a;=zh| + |. 

X=SOT—h 

These operations should be proved by substituting each of the 
Talues of X separately in the original' equation. 

EXAMPLES. 

Find the values of x in the following equations : 

1. a;' + Sa? = 20. Am. x = 2 or — 10. 

2. x' _ 2x = 3. Ans. or = 3 or — 1. 

3. x^ + 4x sss 46. Ans. or = 5 or — 9. 

4. a;^ _ 4a; = 12. Am. x = 6 or —2. 
6. X* — 10a? = 24. Am. a; = 12 or —2. 

6. x^ + X = 90. -Ana. a; = 9 or —10. 

7. x^ + X =: y>. -Ana. a? = § or — |. 

8. ar* + a;'= |. Am. a? = ^ or — |. 

9. x' — a; = 6. ^ns. a; = 3 or — 2. 

10. «'' — 10a; = 66. Am. a; = 14 or — 4. 

11. x"" + 7x = 60. Am. a; = 6 or —12. 

12. x' — 6x = 24. -4n«. a; = 8 or —3. 

13. ^^ = ^;=^. ^rw. a; = 20 or 1. 
a; — 6 10 

^^•^^==^W^- ^n.. a: = 18 or 2. 

15. 5a;« _ 3a? + 7 = 4a;' + 5. jlna. a; = 2 or 1. 

16. ar' — 9a; = 12. Am. a; = 4 or — 1. 

17. x^ — 13a? = — 40. Am. a; = 8 or 6. 

19. 4a;« — 9a? = 386. Am. a; = 11 or — V". 

20. ?5LiL? = 7a? + 6. Am. a; = 6 or 0. 

ar 

20* 
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NoTB. In Example 20, if the yalne be substiiated for 2, we ahaH 

hare 

+ ^ ^ 
^ = + 6. 


This reduces to a "== ^* 

This equation cannot be said to be false, as 6 times are equal to 
0. It is, howeyer, meaningless, as far as the science of Algebra is 
explained in this book. In more adyanced treatises, a meaning is 
found for it, and the fraction ( is said to haye any yalue whateyer, 
since any number of times are equal to 0. 



SECTION LXIII. 
Miscellaneous Examples. Review Questions. 

1. Divide a line 54 inches long into two parts differing 
hj 14 inches. Ans. The parts are 20 inches and 34 inches. 

2. Divide $118 among A, B, and C, so that B shall have 
$12 more than A, and G $10 more than B. Ans. A must 
have $28 ; B, $40 ; and C, $50. 

3. A laborer was engaged for 25 days. For each day he 
worked, he was to receive $1.00 and his board. For each 
day he was idle, 50 cents were to be deducted for his board. 
At the end of the 25 days, he received $17.50. How many 
days did he work, and how many days was he idle ? Ans. 
He worked 20 days, and was idle 5. 

4. A hare is 25 of her own leaps in advance of a grey- 
hound, and takes 11 leaps while the greyhound takes 10. 
Five of the greyhound's leaps are equal to six of the hare's. 
How many leaps must the greyhound make to overtake the 
hare? Aiis, 250. 

Note. If 6 of f he greyhound*8 leaps are equal to 6 of the hare*8. 



ELEMENTARY ALGEBRA. 235 

10 of the greyhound's must be equal to 12 of the hare's. Thus the 
greyhound gains one of the hare's leaps while taking 10 of its own. 

5. Divide 45 into 3 parts, so that the second may be three 
times, and the third five times the first. Ans, 5, 15, and 25. 

6. Divide 45 into 3 parts, so that the second may be 
double the first, and the third three times the second. Ans. 
5, 10, and 30. 

7. A's age is half of B's. B*s is three times C's. The 
sum of their ages is 110 years. What is the age of each? 
Ans. A is 30 years old ; B, 60 ; and C, 20. 

8. A, B, C, and D have $100,000. B has twice as much 
as D. C has as much as A and D together. A has | as 
much as B. How much has each ? Ana. A has $20,000 ; 
B, $30,000 ; C, 35,000 ; and D, 15,000. 

9. A, B, and C together have $3600. If C give B $300, 
B will have $100 more than C. If B give A $40, A and B 
will have the same amount. How much has each ? Ans. 
A has $980; B, $1060; and C, $1560. 

10. If B give A $4000, A will have six times as much as 
B will have left. If C give B $2000, B will have folir 
times as much as C will have left. If A give C $6000, C 
will have five times as much as A will have left. How 
much has each? Ans. A has $8000; B, $6000; and C^ 
$4000. 

11. Find a number represented by three digits whose sum 
is 8, the digit in the place of tens being double that in the 
place of hundreds, and the order of the digits being inverted 
by adding 396 to the number. Ans. 125. 

12. A, B, and C have $4400. If B give A^IOOO, A will 
have $290 more than C. If A give B $90, B will have f 
as much as C has. How much has each? Ans. A has 
$1090 ; B, $1510 ; and C, $1800. 
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13. Divide $1400 among A, B, and C, so that $400 + 10 
times A's share, 9240 + 6 times B's share, and $720 + 
twice C's share, may be equal to the same sum. Ans, A's 
share is $200 ; B's, $360 ; and C's, $840. 

14. What fraction will equal | if 6 be added to its numer- 
ator, and 4 if 3 be added to its denominator ? Ans. ^^. 

15. What fraction will equal j if the numerator be 
doubled and the denominator increased by 5, and will equal 
4 if the denominator be doubled and the numerator in- 
creased by 6? Ans, f. 

16. A wine-merchant mixes wine which cost him $20 per 
dozen with wine which cost him $25 per dozen, so as to 
make in all 36 dozen, costing him $21 f per dozen. How 
many dozen of each kind did he take ? Ans. 24 dozen at 
$20, and 12 dozen at $25. 

17. I have three weights. The first is 7^ lbs. The 
second is as much as the first and half the third. The third 
is as much as the first and second. To what do they all . 
together amount? Ans, 60 lbs. 

18. If A and B should give C ten sheep each, C would 
have 38 more than they would have together. If A and C 
should give B ten each, B would have 16 more than they 
would have together. If B and C should give A ten each, 
A would have just as many as both the others. How many 
has each? Ans. A has 13 sheep ; B, 21 ; and C, 32. 

19. Divide the number 225 into three parts, so that twice 
the first part diminished by 5, twice the second part in- 
creased by 15, and three times the third part diminished by 
70, may be equal. Ans. 80, 70. and 75. 

20. A number represented by three digits is 25 times 
their sum. The figure in the place of units is one more 
than the sura of the other two, which are equal. What is 
the number ? Ans. 225. 

20* 
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21. Find the values of a?, y, 2, and w, in the equations, 
'a-^ = 6/ 

^z = 2. 

t£l2 = 0. 

a;2 = 3. 

Ans. rc==3;y = 2;2= 1;«;=0. 
Note. Since wz = 0, either u; or z must be 0. It cannot be 2, for 
then xz would be equal to 0. Therefore w = 0. 

Taking the first, second, and fourth equations, find the values of 
Xy y, and z. 

22. Find the values of x and y in the equations, 
x"^ y, 30' 



1 

y 



1^ 
30* 



23. Add -Tv-^ of gg^,-, to \ of f of |, 



11am* 



A118. ^==5; 2/ = 6. 
24aw + cV 



-4/18. 



20c'^a;» 



24. Multiply ^ by 05-2-4' ^^^ ^ *^ *^® product, and 

reduce the resulting mixed quantity to the form of a fraction. 



Ans. 



rSchi 



25. Change ISacx to a fraction whose denominator shall 



be 5mn*x\ 



. dOacmnh 
dmn*x^ 



21a*c 



26. Change to an equivalent fraction with Gmyi'^x 



amn' 
for a denominator. 



Ana, 



126a»( 



6mri^x 

27. Change a + c to the form of a fraction having a — c 

for a denominator. . a' — c* 

Ans, . 
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28. Divide <f —Ihj c^ + c* + (^ + c^ + e + 1. 

Ana, e — 1. 

29. Reduce o/»-r-i ^rwr-^ to its lowest terms. 

36aV — 36cV 

o 

Ana. 



4a^e + 4ea^ 



80. Subtract ^ = from = • Ana, = ^.« 

1 — o* 1 — a 1 — or 



o>^o 



REVIEW QUESTIONS. 

What is a monomial? Which of the following quantities are 
monomials, and which are polynomials ? 

a^c — abd*, 
36a— 366, 

86a«6», 

a-{-b + e, 

abe, 

aJ 4- 2ab 4- 6«, 

a: + 2y — 4z — w + «» 

In the polynomials aboye giyen, are there any binomials ? any tri- 
nomials ? if any, name them. 

How many terms are there in the above expressions ? 

Which of them haye coefficients expressed ? Name the coefficients. 

What are the yalues of the following expressions ? 

y/9, 4/27, ^16, v/4, v/8, v/25, ^125. 

What is the difference between (6 -f 4) x 6 — 3 and (6 -f 4) x 
(6-3)? 

Are the terms xh/ and xy^ similar? Are 86z and 12z similar? 
Are 7x'^ and 136z*y similar? 

Explain the subtraction of — 3a from 7a ; of 4a from — 6a ; of 
— 4a from — 6a ; of a from b; of — a from 6. 

What is the rule for signs in subtraction ? in multiplication and 
division ? 
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What is the difference between arithmetical addition and algebraic 
addition ? 

State all the ways in which multiplication may be indicated. 

What is meant by transposition ? Why must the sign of the trans- 
posed quantity be changed ? 

What is the rule for the indices in multiplication ? in diyision ? 

In multiplication or division of polynomials, how should the terms 
be arranged ? 

What is an exponent? Qive an example. 

What is meant by elimination ? What are the three methods of 
elimination in common use ? 

How many equations are necessary for the solution of any alge- 
braic problem involving unknown quantities ? 

What is a factor of a quantity ? a measure of a quantity ? Give 
four important theorems useful in factoring. 

What is a prime quantity ? a multiple of a quantity ? 

What must be done to two fractions of unequal denominators in 
order to add them ? 

How may an equation be cleared of fractions ? On what principle 
does the operation depend ? 

What is a rati-o ? a proportion ? What are the terms of a ratio 
called? Which terms of a proportion are called extremes? which 
are called means ? 

What is meant by a mean proportional between two terms ? 

Prove that the product of the extremes of a proportion is equal to 
the product of the means. 

What is an arithmetical progression ? its common difference ? 
Give a formula for finding its last term, and one for finding the sum 
of the terms. Prove them. 

What is a geometrical progression? its ratio? Give and prove 
formulas for finding its last term, and the sum of the terms. 

What is involution ? evolution ? Which powers of a negative term 
are negative ? 

Explain the process of finding the square root of a polynomial. 

Explain the binomial theorem. 

Why may we change the signs of all the terms of an equation ? 
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•^ 
SECTION LXIV. 
An Algebraic Puzzle. 

Let the letter x stand for 2. Then we have 

x = 2. 

Multiplying by x, x^ = 2x. 

Subtracting 4, x* — 4 = 2x — 4. 

Factoring, (a: + 2) (a: — 2) = 2 (x —2). 

Dividing by a: — 2, x + 2 = 2. 

Substituting 2 for x, 2 + 2=2. 

Or 4 = 2. 

Now as this result is absurd, there must be some error in 
the operation. Yet it seems to have been conducted strictly 
according to algebraic principles. Hence the puzzle. 

The mystification may be easily cleared up. The false 
step is the division by a; — 2. Since x is equal to 2, a: — 2 
is equal to ; that is, it has no value. Now if we multiply 
nothing by any number whatever, the result is always 
nothing. 

We may have 6x0 = 5x0; 

but we cannot divide by 0, and obtain 

6 = 5. 
The equation 

(a: + 2)(a; — 2) = 2(a: — 2)means(a; + 2) X = 2 X 0. 
This is true ; but we cannot divide by 0, and obtain 

a? + 2 = 2. 
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SCHOOLS, ACADEMIES, AND COLLEGES. 





To Teachers. 



Your attention is respectfully invited to the following list of our 
leading publications. 

In most cases a short statement is given of the grade of classes 
for which the various books are designed, and their claims to the 
consideration of teachers. Those who desire to know more of 
them will be supplied with specimen copies for examination at 
reduced rates. Most of these books are in general use in all sec- 
tions of the country. > 

Upon the liberal terms offered for first introduction, it will in 
most cases be more economical to introduce these books than to 
continue to use the old ones, which must in many instances be re- 
placed by new books at full prices. 

Our Circular, giving prices to teachers for examination, terms for 
introduction, &c., will be sent to any teacher or school oflficer on 
application. 

We are anxious to procure a copy of the Catalogue, Circular, or 
Advertisement of every College, Academy, Seminary, High School, 
Normal School, or other Educational Institution, in the United 
States. Teachers receiving this Circular will confer a favor (which 
we will be glad to reciprocate) by sending us a late copy of the 
circular or catalogue of the School of which they are the Principal, 
or with which they are connected. 
Please address, 

ELDREDGE & BROTHER, 

No. 17 North Seventh Street, 

PHILADELPHIA. 




Model Text-Books 
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CHASE AND STUART'S CLASSICAL SEEHS. 

EDITED BY 

THOMAS CHASE, A.M., GEORGE STUART, A.M., 

PBOFESSOR OF CLASSICAL UTERATURE, PROFESSOR OF THE LATIN LANGUAGE, 

BAYSBPOBS COLLXOE, PKHNA. CEWTRAL HIGH 8CH00I., PHILADA. 

AND 

E. P. CROWELL, A.M., 

PROFESSOR OF LATIN IN AMHERST OOLLEGX. 
REFERENCES TO 

HABENESS'S LATIN 6BAMHAB, 

AITDREWS & STODDABD'S LATIN 6BAMMAB, 

BULLIONS & MOBBIS'S LATIN OBAHMAB, 

GILDEBSLEEVE'S LATIN OBAMHAB, 

ALLEN'S MANUAL LATIN 6BAMMAB, 

AND 

ALLEN ft GBEENOUGH'S LATIN GBAHMAB. 

The publication of this edition of the Classics was suggested by 
the constantly increasing demand by teachers for an edition which, 
by judicious notes, would give to the student the assistance really 
necessary to render his study profitable, furnishing explanations of 
passages difficult of interpretation, of peculiarities of Syntax, &c., 
and yet would require him to make faithful use of his Grammar 
and Dictionary. 

It is believed that this classical Series needs only to be known to 
insure its very general use. The publishers claim for it peculiar 

3 




.4 
merit, and beg leave to call attention to the following important 
particulars : 



The purity of the text. 

The clearness and conciseness of the 

notes, and their adaptation to tne 

wants of students. 
The l)eauty of type and paper. 
The handsome style of binding, 
The convenience of the shape and size. 
The low price at which the volumes 

are sold. 
The preparation of the whole Series 

Is the original work of American 

ichoian. 



The text Is not a mere reprint, but it 
based upon a careful and painstak- 
ing comparison of all the most im- 
proved editions, with constant refer- 
ence to the authority of the best 
manuscripts. 

No pains have been spared to make the 
notes accurate, clear, and helpful to 
the learner. Points of geography, 
history, mythology, and antiquities 
are explained In accordance with the 
views of the best German scholars. 



The generous welcome given to these books, proves very con- 
clusively that th^ are well adapted to the wants of the class-room. 
They have been adopted in every State of the Union, and we have 
the proud satisfaction of stating that they are at this time the stand- 
ard text-books in more than 
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and the number is daily increasing. Among these are many of the 
largest and most important classical institutions in the country. 

The Publishers desire to acknowledge Iheir indebtedness to the 
teachers of Latin throughout the country who are using these books, 
for the high position that has lieen accorded to them. Grateful for 
the very flattering welcome they have received, we pledge ourselves 
that the entire Series shall be 



In Soholarship 
In Appearance 
In Binding 
In Price 



Inferior to None. 

The Most Attractive. 
The Most Durable. 

The Most Beasonable. 
To those teachers who do not use them we suggest the consider- 
ation of two facts : ^ 

1. Large and permanent success follows only real merit. 

2. Such success has been obtained by these books. 

And we are confident that if they will inquire into the merit which 
has insured this success, they will find that they are well worthy 
of the commendation bestowed upon' them. 
The Series contains the following works, viz. : 
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TiESAR'S COMMENTARIES on the Gallic War. 

^ With Explanatory Notes, Lexicon, Geographical 
Index, Map of Gaul, Plan of the Bridge, &c. By- 
Prof. George Stuart. Price by mail, postpaid, 

riRST SIX BOOKS OF VIRGIL'S iENEID, ^th 

"*■ . Explanatory Notes, Lexicon, Remarks on Classical 
Versification, Index of Proper Names, &c. By Prof. 
Thomas Chase. Price by mail, postpaid, ^^1.25. 

VIRGIL'S iENEID. With Exf)lanatory Notes, Met- 
" rical Index, Remarks on Classical Versification, 
Index of Proper Names, &c." B^ Prof. Thomas 
Chase. Price-by mail, postpaid, $1.50. 

VIRGIL'S ECLOGUES, GEORGICS, AND MORE- 

TUM. With Explanatory Notes, Lexicon, *&c. By 
Prof. George Stuart, Price by mail, postpaid, 

riCERO'S SELECT ORATIONS. WiA Explanatory 

^ Notes, Lexicon, Life of Cicero, List of Consuls 

during his Life, "Plan of the Roman Forum and 

its Surroundings, &c. By Prof. George Stuart. 

Price by mail, postpaid, JI1.50. 

CALLUST'S CATILINE AND JUGORTHINE 

WAR. With Explanatory Notes, Lexicon, &c. 
By Prof. George Stuart. Price by mail, post- 
paid, ill. 25. 

rORNELIUS NEPOS. ^ith Explanatory Notes, 
^ Lexicon, &c. By Prof. George Stuart. Price 
by mail, postpaid, JI1.25. 

UORACE'S ODES, SATIRES, AND EPISTLES. 

** With Explanatory Notes, Metrical Key, Index of 
Proper' Names, &c. By Prof. Thomas Chase. 
Price by mail, postpaid^ ^1.50. 
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f IVY. BOOKS I., XXI. AND XXII. With extracts 

^ from Books ix. , xxvi. , xxxv. , xxxviii. , xxxix. , and 

XLV. With Explanatory Notes, Geographical Index, 

&c. By Prof. Thomas Chase. Price by mail, 

postpaid, Jli-So. 

riCERO DE SENECTUTE ET DE AMICITIA. 

^ With Explanatory Notes, &c. By E. P. Crowell, 
A.M., Professor of Latin, and H. B. Richardson, 
Instructor of Latin in Amherst College. Price by 
mail, postpaid, JI1.25. 

riCERO DE OFFICIIS. with Explanatory Notes, 

^ &c. By E. P. Crowell, A.M., Professor of Latin 

in Amherst College. Price by mail, postpaid, 1 1 . 25 . 

Teachers who are not familiar with these books are invited to 
examine them, and judge for themselves whether our claim for 
them is extravagant when we assert, that 
Aa Classical Textbooks 

They have no Superiora. 

A 
SERIES OF TEXT-BOOKS 

ON THE 

ENGLISH LANGUAGE. 

By John S. Hart, LL.D., Professor of Rhetoric and of 
the English Language in the College of New Jersey. 
The Series comprises the following volumes, viz. : 
First Lessons in Composition, . . . Price, $0.90 

Composition and Bhetoric, . ... ** 1.60 

A Short Coarse in Literature, m • " 

And for Colleges and Higher Institutions of Learning : 
A Mannal of American Literature, <« 2.50 

A Manual of English Literature, <* 2.60 



Hart's First Lessons in Composition is intended for beginners. 
A greater help to the Teacher never was invented. It will revo- 
lutionize the whole work of teaching. By the increased power of 
expression which it gives to the pupil, it doubles his progress in 
every study. There is not a school but in which a class can be 
formed for its advantageous use. Any pupil able to read tolerably 
well can use it to advantage. 

Hart's Composition and Bhetoric has been prepared with a full 
knowledge of the wants of both teacher and scholar in this impor- 
tant branch of education, and the author has spared no pains to 
make the book eminently practical and adapted to use in the class- 
room. Dr. Hart has been engaged for more than one-third of a 
century in the practical duties of the school-room, and for years 
past has made a specialty of the subject of which the present volume 
treats. The great variety and copiousness of the *' Examples for 
Practice" will commend the book to- general favor. In this respect 
it is unequalled by any similar work heretofore published. 

Hart's Short Course in Literature, English and American, is 
intended as a text-book for Schools and Academies. It is designed 
for the use of those who have not the time to devote to the study 
of Literature as laid down in the larger books of the Series. 

Hart's Manual of English Literature is intended as a text book 
for Colleges, and as a book of reference. 

Hart's Manual of American Literature is a companion volume 
to the " English Literature," with which it corresponds in general 
character and design. It is intended as a text-book for Colleges, 
and as a book of reference. 

In these volumes Prof. Hart has embodied the matured fruits of 
his life-long studies in this department of letters. We believe they 
will be found in advance of any other text-books on the subject, in 
the comprehensiveness of the plan, the freshness of much of the 
materials, the sound judgment shown in the critical opinions, the 
clearness with which the several topics are presented, and the beauty 
as well as the practical convenience of the mechanical arrangements. 

The scholarly culture and excellent literary judgment displayed, 
entitle these books to a high place among the works on English liter- 
ature. The plan and arrangement present many novel features, 
and the thoroughness of detail, brevity and precision of statement, 
elegance of style, and soundness of opinion which characterize the 
volumes, call for the sincere^ commendation. 
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ANATOMY, PHYSIOLOGY, AND HYGIENE, a 

^ Text-Book for Schools, Academies, Colleges, and 
Families. By Joseph C. Martindale, M.D., late 
Principal of the Madison Grammar School, Phila- 
delphia. Price by mail, postpaid, ;?i.30. 
The study of Physiology and the Laws of Health is as unportant 
as it is interesting. Its importance has become so generally recog- 
nized that there arc now few schools in which it does not occupy a 
prominent position in the course of instruction. Dr. Martindale's 
Anatomy, Physiology, and Hygiene presents the following claims 
to the consideration of teachers. Technicalities have been avoided, 
so far as consistent with the treatment of the subject. The style in 
which it is written is not only pleasing, but such as to be readily 
comprehended by those for whose use it is designed. Superfluous 
matter has been omitted, so that the book can be completed in a 
much shorter period than any other text-book on the subject as yet 
published. 

Descriptive circular sent on application. 



riRST LESSONS IN NATURAL PHILOSOPHY. 

''■ For Beginners. By Joseph C. Martindale, M. D. , 
late Principal of the Madison Grammar School. 
Price by mail, postpaid, 60 cents. 

This book is what its title indicates, " First Lessons in Natural 
Philosophy;" and it presents each division of the subject in such 
an easy and familiar style, that it cannot fail to interest and instruct 
any child of ordinary intelligence. Beginning as it does in a simple 
and easy manner, it secures the interest of the pupil by first directing 
his attention to objects in nature with which he is familiar. When 
the interest is thus excited, the subject is gradually unfolded by 
presenting, one after another, the familiar things met with in the 
every-day walks of life ; thus, the most common objects are made 
the means of teaching great philosophical truths. Only so much 
of the subject is presented as can be taught with profit in our public 
and private schools, yet what has been given will be found to em- 
brace all the more common phenomena met with in every- day life. 
The facts are so clearly and so plainly set forth, that they are en- 



tirely capable of comprehension by those for whose use and benefit 
this little work is designed. 

Teachers interested in the "Object Lesson" system of teaching 
will find this little book a valuable aid, in furnishing subjects for 
discussion. 

Circular containing specimen pages, &c., sent to any address on 
application. 

AN ELEMENTARY ALGEBRA, FOR SCHOOLS 

^ AND ACADEMIES. By Joseph W. Wilson, 
A.M., Professor of Mathematics in the Philadel- 
phia Central High School. Price by mail, post- 
paid, $1.25. 

The present work is the result of an effort to produce an Ele- 
mentary Algebra suited to the wants of classes commencing the 
study. It has been prepared by one who for years has felt the need 
of just such a book, and is the fruit of long experience in the 
school-room. 

With this book in hand, the pupil cannot help avoiding the diffi- 
culties which invariably present themselves at the very threshold 
of the study of Algebra. 

The great aim, throughout, has been to make everything as plain 
as the nature of the subject would permit. There is a continual 
review and repetition of whatever has been learned. Much more 
attention than usual has been given to Fractions, as a drill on them 
is believed to be essential to a full comprehension of Algebraic 
operations, and a ready facility in performing them. 

It has been the aim to give such a presentation of the subject as 
will meet the wants of Common Schools and Academies. It is an 
elementary work, and no attempt has been made to include every- 
thing which might be brought under the head of Algebra. The 
treatment of the subject is on the principle of ** step by step," so 
that the pupil at the very outset is inspired with a degree of confi- 
dence which induces self-reliance; rendering unnecessary a con- 
stant application to the teacher for help. 

The book is commended to teachers in the hope that it will satisfy 
a need which the author has himself frequently felt. 

Descriptive circular sent on application. 



THE CRITTENDEN COMMERCIAL ARITH- 
* METIC AND BUSINESS MANUAL. Designed 

for the Use of Teachers, Business Men, Academies, 
High Schools, and Commercial Colleges. By John 
Groesbeck, Consulting Accountant, and Principal 
of Crittenden's Philadelphia Commercial College. 
Price by mail, post-paid, ^1.50. 
In every High School and Academy in the land, the organization 
of a class in Commercial Arithmetic, Business Calculations and 
Forms, will prove an element of popularity and success that will 
yield rich results. The subject itself is so intrinsically valuable as 
a means of developing thought, that, were this the only result to be 
gained, it would be entitled to and should receive the special atten- 
tion of the progressive teacher. But apart from this, the introduc- 
tion of a study so interesting in itself, so attractive to the scholar, 
and having so direct a bearing on his future welfare, will, in many 
an instance, decide the welfare of a school, directing the channel 
of popular opinion in its favor, and prove the means of filling it 
with students anxious to secure its advantages. 

Circulars containing full descriptive notice, testimonials, &c., will 
be sent to any address on application. 



A MANUAL OF ELOCUTION. Founded upon the 

" Philosophy of the Human Voice, with Classified 

Illustrations, Suggested by and Arranged to meet 

the Practical Difficulties of Instruction. By M. S. 

Mitchell. Price by mail, post-paid, 1 1.50. 

SUBJECTS TREATED OF. 

Articulation, Pronunciation, Accent, Emphasis, Modulation, 
Melody of Speech, Pitch, Tone, Inflections, Sense, Cadence, Force, 
Stress, Grammatical and Rhetorical Pauses, Movement, Reading 
of Poetry, Action, Attitude, Analysis of the Principles of Gestures, 
and Oratory. 

The compiler cannot conceal the hope that this glimpse of our 
rsneral literature may tempt to individual research among its treas- 
ures, so varied and inexhaustible; — that this text-book for the 
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school-room may become not only teacher, but friend, to those in 
whose hands it is placed, "and while aiding, through systematic de- 
velopment and training of the elocutionary powers of the pupil, to 
overcome many of the practical difficulties of instruction, may 
accomplish a higher work in the cultivation and refinement of 
character. 

THE MODEL SPEAKER: Consisting of Exercises 
- in Prose, Poetry, and Blank Verse, Suitable for 
Declamation, Public Readings, School Exhibitions, 
&c. Compiled for the Use of Schools, Academies, 
Colleges, and Private Classes, by Prof. Philip 
Lawrence; Price by mail, post-paid, JI 1.50. 

The book is printed on superfine, tinted paper, and handsomely 
and durably bound in fine English cloth, with bevelled sides. For 
variety arid freshness of selections, beauty of mechanical execution, 
and economy in price, it is unequalled by any similar work extant. 

Great care has been taken to consult the authorized editions of 
the various writers represented, that the' extracts from their works 
may be relied upon as accurate ; though, in some instances, pre- 
ference has been given to an early edition, when, in later issues, 
the alterations have not been deemed improvements. Many poems 
have been introduced which jhave never before found their way into 
any book of selections, being now for the first time published in 
this country in a permanent form. 

It is believed that this •book will be found admirably adapted for 
use as a "Reader," either , in connection with any of the regular 
series of reading books, or to be taken up by classes that, having 
used the higher readers of the different series, need variety as an 
incentive to interest. For this purpose we particularly commend 
it to the attention of Principals of Academies, Seminaries, High 
Schools, Normal Schools, and Institutions for Young Ladies. 

Descriptive Circular, containing entire List pf Contents, sent to 
any address on application. 



THE MODEL DEFINER. An Elementary Book for 
IJr;.;: liners, containing Definitions, Etymology, and 
Sentences as Models, exhibiting the correct use of 
Words. By A. C. Webb. Price by mail, post- 
paid, 25 cents. 

THE MODEL ETYMOLOGY. Giving not only the 
*• Definitions, Etymology, and Analysis, but also that 
which can be obtained only from an intimate ac- 
quaintance with the best authors, viz. : the correct 
use of Words. With a Key containing the analysis 
of every word which could present any difficulties 
to the learner. By A. C. Webb. Price by mail, 
post-paid, 60 cents. 
The plan adopted in the Model Definer and Model Etymology is 
not new. All good Dictionaries illustrate the meaning by a Model. 
To quote from a good author, a sentence containing the word, as 
proof of its correct use, is the only authority allowed. A simple 
trial of the work, either by requiring the child to form sentences 
similar to those given, or by memorizing the sentences as models 
for future use, will convince any one of the following advantages to 
he derived from the Model Word-Book Series. 

1. Saving of time. 

2. Increased knowledge of words. 

3. Ease to teacher and scholar. 

4. A knowledge of the correct use of words. 

Descriptive Circular sent on application. 

MARTINDALE'S HISTORY OF THE UNITED 

STATES, From the Discovery of America to the 
close of the late Rebellion. By Joseph C. Mar- 
TiNpALE, M.D., Principal of the Madison Grammar 
School, Philadelphia. Price by mail, post-paid, 
60 cents. 
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With this book in his hand, the scholar can in a single school- 
term obtain as complete a knowledge of the History of the United 
States as has heretofore required double the time and effort. 

Descriptive circular sent on application. 

THE YOUNG STUDENT'S COMPANION; or, 

Elementary Lessons and Exercises in Translating 
from English into French. By M. A. Longstreth, 
Principal of a Seminary for Young Ladies, Phila- 
delphia. Price by mail, postpaid, ;gi.oo. 

TABLES OF LATIN SUFFIXES. Designed as an 
■■' Aid to the Study of the Latin Grammar. By Amos 
N. Currier, A.M., Professor of Latin in the Uni- 
versity of Iowa. In Preparation. 

A FRENCH VERB BOOK ; or, the New Expositor 
" of Verbs in French. By Ernest Lagarde, A.M., 
Professor of Modern Languages in Mount St. Mary's 
College. Price by mail, postpaid, $i.oo. 
Lagarde's French Verb Book embraces a comprehensive analysis 
of the conjugations, a new method for the formation and use of the 
tenses, and a complete paradigm of all the verbs, the whole ex- 
plained and exemplified by full illustrations. It is believed that 
the book will be found a valuable aid to the study of the French 
language. 

rOMPENDIUM OF FRENCH RULES, a Com- 

^ pendium of the Grammatical Rules of the French 
Language. By F. A. Bregy, A.M., Professor of 
French in the University of Pennsylvania. 

IN THREE FABTS. 

FABT FIEST. Price by mail, postpaid, 75 cents. 
PART? SECOND. " " 50 " 

PABT THIRD. In Preparation. 
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These hand-books can be advantageously used in connection with 
any system. They lead the student from the first elements of the 
language to and through the principal rules of the French Syntax, 
enabling him, in a short time, to master intelligently what otherwise 
would prove a tedious and difficult task. 

CELECTIONS FOR LITTLE FOLKS. A Book of 

^ Poetical Selections for Children. Price by mail, 
postpaid, 50 cents. 

That sympathy which loves to link the present with the past, has 
prompted the preparation of this volume. Simply to make a child 
glad, is a worthy motive for storing its mind with poetic utterances, 
especially when the remembrance of such happiness becomes a 
well spring of delight for a lifetime. 

This little book is intended for children not more than nine or 
ten years of age, and the compiler would feel it a good excuse for 
adding another book to those already extant, should the little ones 
find pleasure in it. , 

IN THE SCHOOL-ROOM; or. Chapters in the 

* Philosophy of Education. By John S. Hart, 
LL.D., Principal of New Jersey State Normal 
School. Price by mail, postpaid, $1.25. 

This work gives the results of the experience and observation 
of the adthor " in the School-room " for a period of years extending : 
over more than one-third of a century. 

No teacher can afford to be without it. 
It is a teacher's library in a single book. 
Descriptive circular sent on application. 

THE MODEL ROLL-BOOK, No. 1. For the Use 

* of Schools. Containing a Record of Attendance, 
Punctuality, Deportment, Orthography, Reading, 
Penmanship, Intellectual Arithmetic, Practical Arith- 
metic, Geography, Grammar, Analysis, Parsing and 
History, and several blanks for special studies not 
enumerated. Price by mail, postpaid, ^^55.00. 





THE MODEL ROLL-BOOK, No. 2. FoT the use 

* of High Schools, Academies and Seminaries. Con- 
taining a Record of all the studies mentioned in 
Roll-Book No. I, together with Declamation, Elo- 
cution, Algebra, Geometry, Composition, Rhetoric, 
French, Latin, Philosophy, Physiology, and several 
blanks for special studies not enumerated. Price 
by mail, post-paid, J5.00. 

Since the fii"st publication of the Model Roll-Books, they have 
been very materially improved. They have been made uniform in 
size and price ; each page has been arranged to exhibit a record for 
one month, and space has been assigned for a monthly summary. 
These Roll-Books are in use in the leading schools in Boston, New 
York, Philadelphia, Baltimore, Cincinnati, Chicago, and St. Louis, 
and very extensively in Academies, Seminaries, and High Schools 
throughout the Country. They will, on examination, be found to be 
the most complete and practical yet published. All teachers who 
use them speak of them with unqualified approval. 

THE MODEL POCKET REGISTER AND GRADE- 

BOOK. A Roll-Book, Record, and Grade-Book 
combined. Adapted to all grades of classes, whether 
in College, Academy, Seminary, High or Primary 
School. Handsomely bound in fine English cloth, 
bevelled sides, crimson edges. Price by mail, post- 
paid, 65 cents. 

THE MODEL SCHOOL DIARY. Designed as an 

* aid in securing the co-operation of parents. It con- 
sists of a Record of the Attendance, Deportment, 
Recitations, &c.; of the Scholar, for every day in 
the week. At the close of the week it is to be sent 
to the parent or guardian for his examination and 
signature. Copies will be mailed to teachers for 
examination, post-paid, on receipt of ten cents. 
Price per dozen, by mail, post-paid, ^1.05. 
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I THE MODEL MONTHLY REPORT. The general 
character of the Monthly Report is the same as that 
of the Model School Diary, excepting that it is in- 
tended for a Monthly instead of a Weekly Report of 
the Attendance, Recitations, &c., of the Pupil. 
Copies will be mailed to teachers for examination, 
postpaid, on receipt of ten cents. Price per dozen, 
by mail, postpaid, $1.05. 

DOOK- KEEPING BLANKS. Consisting of six 
*^ blank books, as follows : Day Book, Cash Book, 
Ledger, Journal, Bill Book, and Book for Miscel- 
laneous Exercises. Price for each book by mail, 
postpaid, 15 cents; or the entire set of six books by 
mail, postpaid, 90 cents. 

These books have been prepared as a matter of practical con- 
venience for students in Book-keeping. They can be used with any 
treatise, and will be sold singly or in sets, as may be desired. 

Teachers corresponding with us are requested to supply us with 
a copy of the circular or catalogue of the school of which they are 
the Principal, or with which they are connected. 

Descriptive circulars of all our publications will be sent to any 
address on application. 

Please address, 

ELDREDGE & BROTHER, 

No. 17 North Seventh Street, 

PHILADELPHIA. 
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